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ES PREFACE 


In the preparation of this book the author has tried to keep 
in mind the twofold requirement of a text-book on Analytic 
Geometry: to bring out clearly the fundamental principles and 
methods of the subject, and to make it a natural introduction 
to more advanced work. Since for most students of Analytic 
Geometry the subject is quite as essential as a preparation for 
the study of Calculus as it is valuable for its own methods and 
body of facts, the method and notation of the Calculus have 
been used in their application to tangents, normals, and maxima 
‘апа minima in the plane, and to tangent plenes and lines in 
space. 

The conic sections have not been accorded. as EN space 
relatively as in most text-books on the subject, but it is 
believed that the student's time in the usual brief course can. 
be spent to greater profit in the study of such chapters as 
those on Trigonometric and Exponential Functions, Parametric 
Equations, Empirical Equations, Maxima and Minima, and 
Graphical Solution of Equations, than upon a prolonged course 
on the conies. Especially is this true for engineering students. 

The answers to many of the problems have not been given. 
Where the student can check the answer by graphical means, 
it is best that he should thus test the correctness of his work, 
and a complete list of answers tends to take away his incen- 
tive for doing this. 

The author is under many Sabligations to Professors D. F. 
Campbell, Alexander Pell, C. W. Leigh, and C. I. Palmer, of 
the Armour Institute of TO NU and to Mr. Paul Dorweiler 
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of the Carnegie Technical Schools, for valuable criticism and 
advice, and to Professors Leigh and Palmer for the answers to 
many of the problems. The imperfections the book are, 
however, the author’s alone. 
For the drawing of most of the figures the mikori is ‘indebted 
to Mr. John R. Boyd, and for the remainder to Mr. Edwin O. 
Kaul, students -in the School of Applied Science, Carnegie 


Technical Schools. 
N. C. RIGGS. 
CARNEGIE TECHNICAL SCHOOLS, 
‚ August, 1910. 


CONTENTS 


CHAPTER I 
Articles 1-18 | 


GRAPHICAL REPRESENTATION OF NUMBERS. SYSTEMS OF 
| CoóRDINATES , 


Point and number — Addition and subtraction of segments — Coórdi- 
nates of points in the plane — Cartesian coórdinates — Rectangu- 


PAGE 


lar eoórdinates — Polar coérdinates — Trigonometric functions - 


— Relation between rectangular and polar coórdinates  . о. 


CHAPTER П 
Articles 19-38 


PROJECTIONS. LENGTHS AND SLOPES or Lines. AREAS OF 
POLYGONS | 


Projections by parallel lines — Orthogonal projection — Projection 
on coórdinate axes — Distance between two points — Angle 
between two lines — Inclination and slope of а line — Ratio 


‘into which a point divides a line — Angle between two lines of 


given slopes — Condition for parallel lines, for perpendicular 
lines — Area of a‘triangle — Area of a polygon . . г s 


CHAPTER III : 
Articles 89—45 


15 


GRAPHICAL REPRESENTATION OF A FUNCTION. EQUATION OF `| 


A Locus 


Function and variable — The graph. of a function — Equation of a ‚ 


locus — Locus satisfying given conditions — Intercepts  . 
vii 


88 


viii | CONTENTS 


CHAPTER IV 
Articles 46-50 


Locus ОЕ AN EQUATION 


Examples— Symmetry — Discussion of an equation . А . 
" e 


CHAPTER V 

Articles 51-64 
TRANSFORMATION OF CoéRDINATES 
Translation of axes— Rotation of axes — Applications E . . 


^ 


С HAPTER VI 
Articles 55-71 


Tae STRAIGHT LINE 


The equation of first degree — Conditions determining a straight 


line — The two-point equation — The intercept equation — The | 


point-slope equation — The slope equation — The normal equa- 
tion — Reduction of Ax + Ву + С = 0 to standard forms — 
Intersection of lines — Change of sign of Ax + By + C — Dis- 
tance from a point to a line — Equations of the straight line in 


polar coórdinates р 3 . > . . . А 


CHAPTER VII 
Articles 72-96 - 


LJ 
STANDARD EQUATIONS OF SEcoND DEGREE : 


"he circle — The equation 22 + y2 + Рх + Ey + Е = 0 — Circle 


through three points — The parabola — Axis and vertex of the 
. parabola — Parameter of the parabola — The equation y = az? 
. +x + с — Тһе parabolic arch — The ellipse — Axes, vertices, 
center of ellipse — The hyperbola — Asymptotes — Axes, cen- 
ter, vertices of hyperbola — The. conjugate hyperbola — The 
equilateral hyperbola — Reduction of the general equation of 
Second degree in two variables . ES . . 


70 


88 


CONTENTS a ey s ix 


CHAPTER VIII 
Articles 97-107 
TRIGONOMETRIC AND EXPONENTIAL FUNCTIONS 


< | . PAGE 
The sine curve — Periodic functions — The exponential curve — The 


logarithmic curve — Graphs — Plotting in polar coórdinates . 117 


CHAPTER, IX 
Articles 108-120 
PaRAMETRIC Equations or Loci 


Parametric equations of ‘circle and ellipse — Construction of the 
ellipse — The cycloid—The hypocycloid — Тһе. epicycloid — 
The cardioid — The involute of the circle . . : E . 129 


CHAPTER X. 
Articles 121-124 
INTERSECTIONS or CURVES. SLOPE EQUATIONS OF TANGENTS 


Intersections of curves — Graphical solutions of equations — Slope. 
‘equations of tangents , ` . . . e ve, ee. ig . 142 


CHAPTER XI 
. Articles 125-154 
SLOPES. TANGENTS AND NORMALS. DERIVATIVES. ' 


Increments — Slope of a curve at any point — Equation of tangent 
40 a curve — The normal — Derivatives — Formulas of differen- 
tiation — Geometric meaning of the derivative — Continuity — ' 
Limit of ratio of a circular arc to its chord — Radian measure of 
an angle — Derivatives of the trigonometric functions .. >» 158 


CHAPTER XII 


Articles 155-163 | 
Maxima AND Minima. Derivative Curves 


Maximum and minimum points of a curve — Determination of 
maxima and minima— The first derivative curve — Concavity 
— The second derivative curve . А . . " ‚з. 178 


P EE _ CONTENTS 


CHAPTER XIII 
Articles 164-177 
Tur Conic SECTIONS 


Construction of conics — Vertices — Classification of conics — Equa- 


PAGE 


- tion of the conic in rectangular coórdinates — The parabola — _ 
The centric conics— The ellipse — The hyperbola — Axes — * 


The equation of the conic in polar coórdinates . . . . 


" CHAPTER XIV 
Articles 178-186 
PROPERTIES OF CONICS 


Subtangent and subnormal of the parabola — Property of reflection 
of the parabola — Focal radii of ellipse and hyperbola — Prop- 
erty of reflection of ellipse and hyperbola . >. . е . 


CHAPTER XV 
‚ Articles 187-195 MS 
Tur GENERAL Equation or SECOND DEGREE | 


Removal of the terms of first degree — Removal of the term in ay — 
Locus of е equation . ‘ à ‚ è a . x Й 


. CHAPTER XVI 
Articles 196-201 
j | EMPIRICAL EQUATIONS 
Points lying on a straight line — The curve y = cx” — The curve y = 
ab* — Some special substitutions — The curve у= at bx + с 
+ vee о. . E 2 . . . E . 
. CHAPTER XVII 
Articles 202-212 
| CoóRDiNATES IN SPACE 


Rectangular codrdinates in space — Distance between two points — 
Polar coérdinates — Relation between rectangular and polar 
coérdinates — Relation between the direction cosines of a line 


192 


205 


214 


223 


— Direction cosines: of a line joining two points — Spherical | 


codrdinates — Projection of a broken ling — Angle between two 
lines * Й е E . б е E . ry . 


288 


CONTENTS l х 


СНАРТЕЕ ХУШ 


Articles 218-217 — 

Тос AND THEIR EQUATIONS Е l 

` PAGE 
Certain lines and planes — Cylinders — Surfaces of revolution — : 
Plane sections of a locus— Locus of an equation in three ` 


variables . З Р x : i " : à E . 248 | 


CHAPTER XIX ` 
Articles 218—225 


THE PLANE AND THE STRAIGHT LINE 


The normal equation of the plane — The intercept equation of the 
plane — General equation of first degree in three variables — - 
Distance from a point to a plane — Angle between two planes — 
Equations of the straight line . . . . « . . 949 


CHAPTER XX 
Articles 226-234 


THE QUADRIC SURFACES ` 


The ellipsoid — Hyperboloid of one sheet — Hyperboloid of two - 
sheets — Elliptic paraboloid — Hyperbolic paraboloid — The 
cone — The conic sections , А . . б. . . 257° 


" CHAPTER XXI 
Articles 235-239 | 5" 


Space CURVES 


The helix — Curve of intersection of two cylinders — Curve of inter- 
section of cylinder and sphere — General equations of a space 
сие.  . 7.5. 4 s. 0. 268 


CHAPTER XXII 
Articles 240—246 


. TANGENT LINES AND PLANES © 


Partial derivatives — Tangent plane to a surface — Normal to a sur- 
face — Tangent line to a space curve . А . . $ . 272 


ANALYTIC GEOMETRY | 


CHAPTER I 
GRAPHICAL REPRESENTATION OF NUMBERS. SYSTEMS 
OF COORDINATES 


І POINTS ON A STRAIGHT LINE 


1. Point and Number. On a straight line let a fixed point 
O be taken from which to measure distances, and let a definite 
length be chosen asaunit. If this unit be iaid off in succession 
on the line, beginning at О, other points of the line are obtained · 
whose distances from О are 1, 2, 3, --., etc. times the unit dis- 
tance. It is convenient to think of these points as represent- 
ing the numbers, or of the numbers as representing the points. 
. Thus a point 7 units from О may be taken to represent the 
number 7, and conversely the number 7 may be said to repre- 
sent the point. 

Since there are two saints of the line at the same distance 
from P, one to the right, the 
other to the left, and since 
there are both positive and 
negative numbers, let it be 
agreed that points to the right of O shall represent positive 
numbers and those to the left of O negative numbers. 

. Thus a point 3 units to the right of O represents the number 
3, and a point 3 units to the left of O represents the number 
— 3. The numbers are also said to represent the points. 

It can be shown that to every point of the line there corre- . 
‘sponds a real number, and conversely, to every real number 
there corresponds а point of the line. The whole system of 
real numbers may therefore be represented by points on a 

в 1 ' 
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straight line with one vade: for desi point and one point for 
each number. 

The point О is called the origin. It represents the namber 
zero. | | i 


2. Notation. If P is any ТТА; of the line and O is the ori- 
gin, the symbol OP is used to denote the number which repre- 
sents the point P. 

E.g. if P lies 3 units to the йй of 0, then OP i is 3; while 
if P lies 3 units to the left of О, OP is — 3. | 

It is convenient to denote the number which. represents a 
point by a single letter, as x; thus ОР= 2. Then if P lies to 
the right of О, zis a positive number, and if P lies to the left 
of О, 2 is a negative number. 

Different points on the line will sometimes be denoted by P 
with different subscripts, and the numbers representing these 
points by z with corresponding subscripts. 


Thus, in Fig. 1, ОР, =а = 2, OP, = % = у 


3, Segments of the line. In speaking of any segment of the 
line, as АВ, the first letter named is called the beginning, and 
the last letter the end, of the segment. 

Thus A is the beginning, and B is the end, of AB, while B is 
the beginning, and А is the end, of BA. 

It is important to represent the value of any eer of the 
line by a number, and this is done by defining the value of 
any segment of the line to be the number which would repre- 
sent the end of the segment if the бешш of the segment 
were taken as origin. | 

Thus, in Fig. 2, with О as origin, _ 


РР o A4 О P B 
[rmm Enc EO C EE E EL D c E ens aed 
та 256 ~ -Fr NL ЕЁ. 


AB=6, ВА=— 6, P,0—5, оһ=—6, 0A- —2, R= 
P,0 =—2. 
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From the definition of the value of a segment it follows that 
the value of any segment read from right to left is negative, 
while the value of any segment read from left to right is 
positive. 

EXERCISE I 

"as What numbers represent the points Р, P», Ps, A, В, in Fig. 2? 

2. What are the values of PPs, P,P2, P; Po, BPs, PB ? 

3. If A be taken as origin, what are the numbers that represent Fi, ES 
О, Рз, B? 

4. If the origin be moved two units to the right, how are the numbers 
representing different points affected ? Bow if the origin be moved Л 
units to the right ? to the left [m 


4. Change of sign of a segment. - Since any — Ó AB of 
the line contains the same number of units as ВА, but is meas- 
ured in the opposite direction, it follows that 


К BA=— АВ, от BA+AB= 0. 
5. Addition of segments. Let A, B, and C be any three 
points on the line. Then 
AC=AB+ BC. 
PrRoor. Three cases arise: > 3 


(1) B between A and C, (2) A between B and О, (8) C be 
tween A and B. 


(1) A B С | С B A 
-B AC C A B 
OR SEL M Eom 
Fra. 3.. 
In(1), _ | AC- AB+ ВО; 
in (2), AC = BO— ВА = BC+ AB, by Att. 4, 
or - ` AC=AB+ ВО; а 


їп (8), АС=АВ—ОВ= — AB+BO. 
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6. Subtraction of segments. By writing — CB ааа of BC 
in the equation of Art. 5, namely, 


AC — АВ + ВО, 
that equation becomes : 
AC — AB — CB. LE 


The results found in this and the preceding articles lead to the 
rules for geometrie addition and subtraction of numbers that 
follow. 


7. Geometric addition of numbers. Let P, and P, be two 
points on the line represented by the numbers 2, and 2, respec- 
tively. Then OP,— Tv ОР, m. 


Three cases arise: 


(1) both numberg positive; (2) one nunbes say ду, negative, 
the other positive; (3) both 

(1) кке Es numbers negative. 
(2) PO Р Р, To represent geometri- 
P P P, o cally the sum of z, and 2, lay 
(з) + off from the end of $8 
Fra. 4. . segment, P,P, equal to a, 
and measured from P, in the same direction as 2, is тезше 

from О. Then | 


For, in each case, OP = OP, + P,P, by Art. 5, 
f =0P, + ОР, 
zX + ш 


8. Geometric subtraction of numbers. Consider again the 
three cases of Art. 7. To represent geometrically the differ- 
ence 2, — z, lay off from the end of x, a segment P,P equal to 
— i.e. having е ваше пишайса! value аз 2 bur opposita 
in direction. 
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Then ` ОР=х— > 
For, in each case, 


aso Р and more important, expression of the difference is 
as follows: | | | | 
ж — %=OP,—OP,=OP,+P,0 Р О Р Р, 
=РО+ОР,= Р.Р, by Art. 5, Р Р, О 
or | PiP: = ә — xı. 


Р, Р Р, О 
Hence, the value of any seg- "^ «v7 


ment of the line is equal to the figu 
number that represents the end minus the number that represents 
the beginning of the segment. 
This principle will be of frequent use hereafter. 
ILLUSTRATION. In Fig. 6, if Р, P» P, are three points on 


Р, Р, О Р. Pi 
-3 ~] Fm. 6. 2 + 


the line ca by the numbers 2, —3, 4 кш) 
then . 
BB, 3 2-5, PP, = 2—(— 3) = 5, 
P,P,=—3—4=—-T7, Р,Р„=4—2=2, ай 4=—2. 


9. Relative position of points — numbers. Let 2, 
and z, be any two real numbers represented ee the points Р, 
and P, respectively. - 

By Art. 8, Р,Р,= 

Now if 2, > 2, then x, — z is HA and лугун 

Therefore, if д> 2, P,P, is positive, and hence P, lies to 
the right of 75; if а < 2, P,P, is negative, and hence Р, lies 
to the left of P, and conversely. | 

Hence, of the two points which represent two real amber the 
point which represents the greater number lies farther to the right. 

- E.g. in Fig. 6, P,, which represents 2, lies to the right of Py 
which represents —3; Pj which represents —1,.lies to the 
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right of P, which represents — 3. This agrees with the state- 
ment that 2 is greater than — 3, and that — 1 is greater than 
psg 3. 


EXERCISE II 


1. Represent geometrically the following pairs of numbers, their sum, 
the first minus the second, the second minus the first : 


(а) 8,2. (b —2,8. (c)4,—-8 (ау—5,—1. 


2. In Fig. 5 express the following segments as the difference of the 
numbers representing the points: Р.Р, P;P,, P20, OP,, P410, ОР». 
N 3. In Fig. 5 what segments represent Z4 — Xs, Xs — Xi, X1, Xs, — Xi, 
— 15? 
. 4, In Fig. 6, by means of the principle in Art. 8, find the values of 
РР\, PsPi, Р,0, PPs, PaPa, OPs, О, РР». 


IL COORDINATES OF POINTS IN THE PLANE 


10. Location of а point. То determine the position of a 
point on a straight line one magnitude is sufficient; namely, 
the distance of the point, right or left, from a fixed point of 
the line. The number that represents a point on the line 
determines the position of the point when the origin is given. 

In the plane, however, two magnitudes are necessary to 
determine the position of a point. 

There are many ways of choosing these magnitudes. Two 
simple methods, and the only ones used in this book, are to 
consider the location of the point, (1) with reference to tw^ 
intersecting straight lines, (2) with reference to a fixed 1ле 
and a fixed point. A consideration of these two methods 
leads to the definitions of (1) Cartesian Coordinates; (2) Polar 
Coördinates. | 


11. Cartesian coürdinates. Let two intersecting straight 
lines, OX and OY, be taken as lines of reference and an arbi- 
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trary length be chosen as a unit. Then to every point P in the 
plane there ean be assigned a pair of real numbers as follows: 
Through the point P draw lines perenne to OX and OY, meet- 
ing OX and OY іп M арі N  . 

respectively. Тһе pairofnum- . 
bers which measure NP and 
MP is taken to represent the 
point P. · То every position of 
P there eorresponds one, and 
only one, pair of such num- ^ 
bers.’ In order that to every — 
pair of real numbers there may 
correspond one, and only one, 
point, some agreement in re- 
gard tosigns is necessary. То 
the agreement already made that a segment measured from left 
‘to right shall be positive, and one measured from right to left 
shall be negative, let there be added the agreement that a seg- 
ment measured upward shall be positive, and a segment meas- 
ured downward shall be negative. With this agreement in 
regard to signs there corresponds one, and only one, point in 
the plane to every pair of real numbers. 

The lines OX and: OY are > called mhe a-axis and y-axis 
repectively. 

The segments NP and MP are called respectively the 
abscissa and ordinate of P, and together are known as the 
Cartesian coördinates of the point. 

It should be carefully noted that, from the definition, the 
abscissa of P is measured from the y-axis to P, and the ordi- 
nate of P is measured from the z-axis to Р. · 

The abscissa and ordinate are most frequently denoted by 2 
and y respectively, though other letters are sometimes used. 

The point P is denoted by the codrdinates inclosed in 
parentheses | and separated by a ош thus, (z, y) or 


Р(®, у). 


Fic. 7. 
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Y "^ 3 'To distinguish one point 
| from another, subscripts 
SN, are often used. Thus in 
Pe vi) Fig. 8, 
DE, pet uei e 
EE? „-хд-ох-а | 
/ = №Р,= ОМ,=— 2, 
| uod MEE арр 
М 2,— №Р,=— 8, 
Fic. 8. уз = МР, = — 3, eto. 


Also 
M,M, = M0 + OM, = — %3+ 2 
MM, = МО+ OM; = — 2, + 2s, 
MN dE OM, — — %+%, etc. 


EXERCISE III 


` 1. Assume a pair of axes and locate the points (2, 3), (2, — 3), 
А (- 2, 4), (— 5, — 6), (0, 2), (4, 0), (= 1, 0), (0, = 3), (0, 0). 

2. In Fig. 8 express as the dif- 
ference of two abscissas, № Мз, 
М.М», ММ, ММ}. 

3. Express as the difference: 
of two ordinates, NaNa,: №. №, 
NNi, Ni No 

4. What segments represent 
01 — 20,98 — X4, Ха — X1, Xg — X2? 

5. What segments represent 
уз — Ул, Ya — Уг, Ys — Yor Yı — Ya? 

6. Where do all points lie that 
have the abscissa zero ; that have 
the ordinate zero ? 

7. Where do all points lie that | 
have the abscissa 2; that have the abscissa — 8; that have the ordinate 
2; that have the ordinate — 4? . 


Fic. 9. 
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8. In Fig. 9 express as the difference of two abscissas, P:R, Рг, P3Q, 
TIR, SN; and as the а of two pies ТР», P,N, RQ, TS, 
P:R, P38. 

9. In Fig. 9 let Py, Р, Ps have бб (2, 3), (4, — 2), and 
(— 3, 2), respectively, and find the values of SN, P8, RQ, ЕТ, PAN, 
SP, P:R, QPs. 


12. Segments not parallel to an axis. Segments of lines not 
parallel to one of the codrdinate axes will not have definite 
signs given to them. They will generally be considered as 
positive lengths, but where the two opposite directions along 
the same straight line are considered, one of them will be 
counted as opposite in sign to the other. 


13. Rectangular codrdinates. If the axes in the Cartesian 

coórdinate system are at right angles to each other, the system 
is called the rectangular system of coórdinates. 
. This system possesses the advantage of simplicity, in many 
problems, over that of oblique axes, and as most of the proper- 
ties and relations of figures to be studied do not depend upon 
the system of coórdinates used, the rectangular system will be 
used except where otherwise indicated. 


14. Polar codrdinates. The position of a point in the plane 
may be determined by the length of the line joining it to a fixed 
point, and the angle which this line 
makes with a fixed direction. 

In Fig. 10 let O be a fixed point 
and OA a fixed line. Let P be any 
point in the plane. Then the seg- 
ment OP and the angle AOP deter- С, 
mine the location of P. ; Кто. 10. 

The segment OP is called the radius vector, and the angle 
AOP the vectorial angle of P. | 

Together they are known as the polar coördinates of P. They 
are usually denoted by * and 6, ереену, апа the к 
indicated by (r, 0), or P(r, 6). 
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The fixed point O is called the origin, or pole; the fixed line 
OA the initial line, or axis. 
The line OP is called the terminal line of the angle AOP. 
With these definitions it is easy to see that any point in the 
plane may be represented by polar eoórdinates, both of which 
are positive, and with the angle less than 360°. 
In order, however, to represent both positive and negative 
numbers by points, the following agreement in regard to signs 
» is made: Positive angles 
(5, 2%) . | will be measured in the 
3 | counter-clockwise direction 
from the initial line; nega- 
tive angles in the opposite 
direction. By a negative 
radius vector will be meant 
one laid off on the terminal 
line of the vectorial angle 
produced back through the 
Ета. 11. pole. 


Thus, the points (5 9) and (- 5, 5) would be as indi- 


cated in Fig. 11. 

With the above agreement in regard to ааа it follows that 
to every pair of codrdinates 
there is just one point in the 
plane, but to every point in 
the plane there corresponds an 
indefinite number of pairs of 
eoórdinates. 


E.g. the point (2, 3) may also 


be represented by (- 2, — 3) 


4 | | 
(—® 3) ( , -) or by 
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any other pair of coórdinates obtained by increasing the angle 
of any of the above pairs by an integral аре of xm the 
radius vector being unchanged. . 

If 0 is restricted to being numerically less than 27, the four 
pairs of values written above are the only ones that represent 
the given point. 

Notre. The student should remember that the unit of circular measure 
of an angle is the angle subtended at the center of a circle by an arc equal 
in length to a radius of the circle. - This unit is called the radian. 

From the definition it follows that r radians = 180°, where т —3.141659 .... 

When an angle is represented by a letter or figure without 
the degree sign (^), it will be understood that the unit of meas- 
ure is the radian. 

: EXERCISE IV 

1. Plot in polar codrdinates (2, — 80°), (-4 3) (7, Sah 
(т, т), (т, T°), (3, 2). | 
^ 2. Plot in rectangular codrdinates (— 5, 4), (0, — - 8), (0, 0), (a, 0), 


es (sS) (1) 


III. THE TRIGONOMETRIC FUNCTIONS 
15. Definitions of the trigonometric functions. Having 
given any angle, Px : 
assume a system P@,y) 
of rectangular 
eoórdinates and 
place the vertex 
of the angle at ` 
the origin, with 
the initial line 
coinciding with 
the positive part 
of the z-axis; 
positive angles to 
be reckoned Goan ter elockwise and negative angles clockwise. 


Fig. 13. 
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Assume any point P on the terminal line; let its coórdinates 
be 2 and y, and its distance from the origin be r, counted 
always positive. Then, whatever the size of the angle, the 
following definitions are given: 


sine of А == ordinate/distance == y/r, 
cosine of A= abscissa/distance == 2/7, 
tangent of A = ordinate /abscissa = у/2, 
cotangent of А = abscissa/ordinate = x/y, 
. secant of А = distance /abscissa = r/z, 
cosecant of A = distance/ordinate == r/y. 


16. Formulas and tables. А set of the more important 
formulas connecting the trigonometric functions of angles, 
and a table of sines, cosines, and tangents are given at the 
back of the book. 


17. The inverse trigonometric functions.. The symbol sin^!z, 
read “anti-sine a,” is used as equivalent to the words, “an 
angle whose sine is x.” 


Thus one value of sin"! (1) is e ,or 30^; another value is Эч. 


In like manner the symbols соѕ-! æ, tan™ a, etc., are used as 
equivalent to “an angle whose cosine is 2,” “an angle whose 


tangent is a,” etc. | 


| EXERCISE V 
1. Find by the use of the table the sine, cosine, and tangent of each of 
the following angles: 20°, 17° 20’, 185°, 109° 40’, 290°, 165°, .2 radian, 
.72 radian, (2) radian. | 


2. Given А = вїп-1.6, find a value of A in the first quadrant, and опе. 
in the second quadrant. 


3. Given A = tan-!.4563, find two values of A. 

4. Find sin-1(tan 26°), sin(tan 13.26), sin(sin~! 35). 

Б. Show that вір (віп-1.5) = .5, and that sin Сиш 30°) = 80°, or 150°, | 
or 890°, etc. 
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18. Relation between rectangular and polar: coórdinates. 
Let the origin in the two кове be the same, and let the 
initial line coincide with . 
the positive part of the 
ж-ахїв. 

' Let P be any point in 
the plane with rectangular : 
eoórdinates 2 and y and 
polar eoórdinates r and 0 
(Fig. 14), the polar coördi- - 
nates being so chosen that ' ^ ` 
6— Z ХОР and r— ОР, 
where OP is positive.. 

Then from the definition of sine and cosine, 


. Fic. 14. 


a | : 
— == соз 6, У — sin 6, 
т T 


or Ё | 
æ = r cos 6, ғ 

t С 1 

y = т sin 9. a) 
These equations express х and y in terms of r wa 6. From 
the figure, or from these equations, r and 6 can be expressed 


in terms of z and y. The resulting equations are 
nva ry 
0 = tan~ (2) . @) 
x B 


i EXERCISE VI 

1. Show how to obtain eqs. (2) of Art, (18) from eqs. (1). 

2. Show that if the polar coördinates of P be chosen so that @ differs 
from Z ХОР by 180°, and r is the negative of OP, eqs. (1) still hold. 

3. Find the polar coórdinates of the points whose rectangular coór- 
dinates are (8, — 7), (4, 8), (— 2, 1), (— 4, — 2). 

4. Find the rectangular coordinates of the points whose polar coór- 
dinates are (2, 80°), (— 8, 45°), (4, — 60°), (— 2, — 15°). 

5. In rectangular coóürdinates where do all points lie whose abscissas 
are zero; whose ordinates are zero; whose abscissas equal any constant 
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©; whose abscissas equal their ordinates ; whose abscissas equal the nega- 
tive of their ordinates ? 


6. What is true of the polar coórdinates of points which satisfy each 
of the conditions of example 5? 


7. In polar coórdinates where do all points lie whose vectorial angles 
are zero ; whose vectorial angles equal 30°; whose vectorial angles equal 
any constant; whose radii vectores equal 5; whose radii vectores equal 
any constant С? 


8. What equation is true of the rectangular coórdinates of the points 
which satisfy each of the conditions in example 7? 


9. Find the polar coérdinates of the point whose rectangular coör- 
dinates are (3.26, — 2. 67). 


10. Find the rectangular coórdinates of the рон! whose polar coör- 
dinates are (6.34, 24° 16’). 


CHAPTER II 


PROJECTIONS. LENGTHS AND SLOPES OF LINES. AREAS 
OF POLYGONS 


1. PROJECTIONS 


19. Projections by parallel lines. Through the beginning 
and end of a segment AB let lines parallel to a given direc- 
tion be drawn to intersect a given line MN in О and D respec- 
tively. Then CD is culled the projection of AB on MN, for 
the given direction. | 

The beginning and end of the Биби are to be read in 
the same order as the beginning and end of the segment. 


Fic. 15.7 


Thus CD is the projection of AB, while DC is the projection 
of BA. (Fig. 15.) 

The direction, parallel to which the lines AC and BD are 
drawn, is called the direction of projection. 

Evidently, the value of the projection depends upon, (1) the 
length of the segment, (2) the difference in direction of the - 
segment and the line on which it is projected, and (3) upon 
the direction of projection. It is evident, also, that the pro- 

15 
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jections of a given segment on parallel lines are equal, if the 
direction of projection is the same. | 


20. Orthogonal рна. If the direction of projection is 
perpendicular to the line on which the segment is projected, 
the projection is called orthogonal. 


B 


Ета. 16. 


Thus in Fig. 16 CD is the orthogonal ETE of AB 
on MN, 


21. Projection in the direction of one coórdinate axis ona line 
parallel to the other axis. 

Derrinition. The projection in the direction of the y-axis 
of a segment on a line parallel to the z-axis will be called the 
a-projection of the segment. ^ , 

А. similar germ d is given for the y- -projection of the seg- 
ment. 

Consider now the «-projection of any segment P,P). 

Let the codrdinates of P, and .P, be (a, 9i) and (2, у») re- 
spectively. Three cases may arise: P,P, may lie wholly to the 
right of the y-axis, may cut the y-axis, or may lie wholly to the 
left of the y-axis. (Fig. 17.) 

Let the projection in either case be M,M,, and let the line on 
which P,P, is projected meet the y-axis at N. Then, in either 
ease, | 
MM, = M,N + NM, = — ж, + Ж == — а 
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Therefore, the z-projection of a segment is equal to the abscissa 
of the end of the segment minus the abscissa of the beginning. 


Fia. 17. 


In like manner it can be shown that the y-projection of a seg- 
ment is equal to the сааи of the end minus the ordinate of the 
beginning. 

 ExaMPLE. The x-projection of the segment from BC 1,3) 
to P,(3, 2) is 8 — (— 1) «4, and the y-projection is 2 — 8 = — 1. 


EXERCISE VII 


1. Prove thst the y-projection of a segment is equal to the ordinate of 
the end of the segment minus the ordinate of the beginning. 

2. Find the z- and y-projections of the segments from the first to the 
second of each of the following pairs of points: е, 8), (— 2, 6); 
(— 8, — 1), (4, — 5); (1, — 2), (3, 7); (a, Б), (c, d); (0, 1), (—2, 0); | 
(0, 0), (3, — 5); (u, v), (s, t). 

Check the results by drawing the figure in each case. ` 

3. If the axes are at right angles to each other, find the distance from 

the origin to (8, 7); from the origin to (ж, y). 
c 
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4. If the axes are at right angles to each other, pnd the distance 
between (— 5, 3) and (2, — 6). 

b. If the axes are rectangular, show that the distance between (21, y1) 
and (zs, ys) із V (a1 — 22)! + (л — Y2)”. 

6. In rectangular coórdinates the point (x, y) moves so as | to keep at 
the distance 5 from the origin. Express this by means of an equation. 
What is the locus of the point ? 

7. What is the z-projection of а segment parallel to the y-axis; the 
y-projection of a segment parallel to the x-axis? 

8. The vertices of a triangle are A, B, and С. Show that the sum of 
the projections of AB, ВО, and СА on any line is zero, and that the 
projection of AC = the projection of AB + the projection of ВО. 

`9. Show that the sum of the projections of the sides of any closed 
polygon taken in order, i.e. so that the beginning of each side is the end 
of the preceding, on any line is zero. 


` 10. Show that if the sum of the projections of the sides of a polygon 
taken in order.on one straight line is zero, the polygon is not necessarily 
closed; but if the sum of the projections taken in order on two non- 
parallel lines is zero, the polygon is closed. 


П. LENGTHS AND SLOPES OF SEGMENTS. DIVISION 
OF SEGMENTS i 


22. Distance between two points. Numerical examples. 


: ExAwPLE 1. To find the distanos between the two Soa 
whose Cartesian coórdinates are 
` (2, — 4) and (— 3, 5), the angle be- 
tween the axes being 60°. 

Let (2, — 4) be P, and (— 3, 5) 
X be P 

Through P, and P, draw lines 
parallel, respectively, to the a and 
y-axes, intersecting in Q. (Fig. 18.) 

By the law of cosines from trigo- 
nometry, 


| БР: 9р: 0Р1 — 2 QP, OP, cos PQP, 
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Here QP, = 2—(—3) =5, by Art. 21, 
QP,=5— (— 4) =9, 
cos P,QP, = cos 60° = }.. - 
P,P, =V61 = 7.81 .... 
ЕхАмРгЕ 2. То find the distance between the points whose 


polar codrdinates are (2 3) and. (5 — 5)" 


Р, . 


P, 
| Кто. 19. f 
‘Let (2, z) be Р, (5 a 5) be Р, 
and let P,P,=d. (Fig. 19.) | 


| Ву MrigoRomeiys 
d= OP; + OP;—2 OP.. ОР, cos POP, 
=4+25—2. 2.5 cos ы | 


—4 4- 25 4-20 сов я 
= 29 + 17.32 ... 
*, d= у46.32 = 6.81 nearly. 


| EXERCISE ҮШ 
1. If the angle between the axes is 45°, find the нб between the 
points (— 3, 5) and (4, 1). 
2. If the angle between the axes is 80°, find the distance оваа 
(6, 2) апа (— 8, — 4). 
3. If the axes are кй find the distance between (a, b) and. 
(c, d). 
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4. Find the distance between the points whose polar coórdinates are 
(6, 20°) and (4, 20), where 2(? means 2 radians. 


5. In polar codrdinates find the distance between (- 3, Ө and 
2T . | 
4,=—)\. 
(5) 


23. Distance between two points.. General formula in rec- 
tangular coordinates. 

Let Р(х, уу) and Рд, yj) be two points in 1 rectangular 
| coordinates, and let d= P,P, Through 
P% Р, and P, draw lines parallel, respec- 
tively, to the a and y-axes to intersect 
in М. 


‘Then d= V Pf + MP 
SM But P,M = 2 — x, МР, = Ya — р. 


Fre. 20. | d= уо — ay s y 


24. Distance between two points. General formula in polar 
coordinates. . 


(2) 0 02) , 


Ето. 21. 


- Let the two points be (т, 9) ad (ra 4), and let the distance 
between them bed. (Fig. 21.) eee 
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There are two cases to consider: according as the difference 
between the vectorial angles is less than or greater than 180". 
In the first case 


а = т? 1+72— 2 T172 COS ГЕС 
and in the second case 
@ == тЇ +73 — 2 туг, cos [360° — (6, — ӘТ 
These reduce to the one form ae 
d= Vr - rr, cos (6, — 6). 


EXERCISE IX 
1. Find the distance between m 1) and (3, E in rectangular 
coórdinates. 
2. Find the distance between (8, 2) and (— 4, — 5), 1 in rectangular 
coórdinates. 


3. From a certain point 0 ine other points, А, B, and C, are located. 
as follows: A lies 8 mi, М. and 2} mi. E. from О, B lies 4 mi, S, and 1} 
mi. E. from О, and C lies 5 mi. W. and 14 mi. N. from О. Find the dis- 
tance8 between the points А, B, and C, and the distance of each of the 
points from O correct to hundredths of a mile. 

4. Find the distance between the points whose polar coórdinates are 
(4, 24?) and (— 2, 40?). 

b. Find the lengths of the sides of the triangle whose vertices are 
(5, — 2), (— 4, 7), and (7, — 3), in rectangular coordinates. 


6. Find the lengths of the sides of the triangle whose vertices are 
(-2, 309), (4, aes and (5, 115°). 


25. The aigle which one line makes with another. 

Derinition. The angle which one line, 1, makes with . 
another, / is the 
angle, not greater than 
180°, measured coun- 
arcolockwisa from І, 
to Г. 

Thus, in Fig. 22, 0 i 
is the angle which Z, . Fia. 22. 
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makes with Г. The supplement of 0 is the angle which Z4 
makes with Јл. 


26. Inclination and slope of a line. The angle which a line 
makes with the a-axis, or with any line parallel to the a-axis, 
is ealled the inclination of the line. | 

This angle is to be measured from the positive direction of 
the a-axis toward the positive direction of the y-axis. 

In rectangular eoórdinates, the slope, or gradient, of a line is 
the ratio of the change of the ordinate to the corresponding 
change of the abscissa of a point moving along the line. It is 
counted positive if the ordinate increases as the abscissa in- 
creases; negative if the ordinate decreases as the abscissa in- 
creases... 

Thus, if, as a point moves along a line, the ordinate increases 
one unit to an increase of 3 units in the abscissa, the line has 
a slope of 4; while if the ordinate decreases 1 unit to an in- 
crease of 3 units in the abscissa, the line has a slope of — 1. 

The inclinations of these lines are, respectively, 


: 0— tan"! = 18° 26', | Я 
and С £'etan?(—1)- 161° 34. (Fig. 23.) 
> : - 
1 з о | 
—3 І 3 
Ето. 23. 


From the definitions of inclination and slope it follows that 
slope = tangent of inclination, 


or, designating the inclination of a line by 0 and its slope by m, 
| m = tan 0. " 
If the axes are not rectangular, the equation, 
| slope = tangert of inclination, 


is taken as definition of the slope. 
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27. Slope of a line through two points in terms of the rec- 

tangular coórdinates of the points. 
Let the two points be Р, (а, ууу and Р, (2, Yo). 
Through P, and P, | 


: Р Р, 

‘draw lines parallel to us 

the eoórdinate axes to. 

meet in M. (Fig. 24.) 

Then whether the slope P, d M | Р, 

18 positive or negative - ^ ^ Fie. 24 

its value is given by the formula | 

МР, 9,— 
slope = 2 = 22—101, 
| P= PM аал 


Н Bi is the higher point, then slope — =% =, which i is the 
same as the above. де 

Therefore, in rectangular ТА the slope е aline through 
two points is the difference of the ordinates of the points divided 
by the corresponding difference of the abscissas of the points. 


28. Point dividing a line in a given ratio.* 
" ExaMPLE. То find the point which divides the line from 
(—1, 5) to (6, — 4) in the ratio 3:2. 
Let (— 1, 5) be P, (6, — 4) be Р, and 
let the required point be P (æ, y). Then, 
by hypothesis, 


BP 3, 
PP, 2 


Through P, P, and P, draw | lines 
parallel to the axes as in Fig. 25. 
Then, from similar шин 
MP _РР_8 
NP, PP, 2’ m 
* Tn this article and in several following articles the word '*line?* is fre- 


quently used in the sense of ‘‘ segment of a line," where there is no doubt of 
the meaning. - 
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and — ME UIS 
NP РР, 2! 

: -1 3 

te. ear 

ы Б—у_ 83 

апа 5 | JAT? | 

from which | g= д}, у=—%. 


Hence the required point is (31, — 2). 


29. External division. The point Різ said to divide the line 
P,P, externally when it lies on the line produced. (Fig. 26.) 

The segments into which P divides P,P, are defined to be 

P,Pand PP, The m segment is that from the beginning of 

the line to the point of division, 

and the second segment is that 

from the point of division to the 

| end of the line. Since these 

“Po o. segments are measured in oppo- 

Р, site directions, they are opposite 

in sign. Hence their ratio is 

negative. The first and second 

segments must correspond respectively to the first and second 

terms of the given ratio into which P is to divide P,P. 


E 
Р, 


. Fra. 26. 


30. Example of external division. 

To find the point which divides the line from (—1, 5) to 
(4, 7) in the ratio — 2. 

Let (—1, 5) be Р, % Т) be Р„ and let the required point 
be P(x, y). 


Then 


Since P,P must be numerically less than РР„ P must lie 
nearer to P, than to Р, ie. P must lie on the portion of the 
line extended through P, 
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Project the segments so as to obtain their x- and y-projec- 
tions. (Fig. 27.) | 


апа 


from which æ= — 11, y=1. 
Hence the required point is ( — 11, 1). 


EXERCISE X 


1. Find the point which divides the line from (— 8, 1) to (6, — 6) in 
the ratio — $. Ans. (12, — 9). 


2. Show that the point which bisects the line joining (a1, уу) and 


(аә, уг) is (exe = Za, 9 + us s | | 
3. Find the ratio in which the line from (2, 0) to (6, 0) is divided by 
(1, 0) ; by (5, 0) ; by (9, 0). 
4, The point P(2, &) is on the line joining Р,(— 2, 8) and Р,(4, — 7) ; 
find the ratio into which P divides P, Р», and the value of Ж. : 
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31. General formulas for a point mading a line in a given 
ratio. 

Let the line from P,(%, yi) to Ра, y;) be divided by 
P(x, у) intheratio r:1. >- 

There are three cases to consider: 

(1) P between P, and P; 

(2) P on the line produced through F,, 

(3) Р on the line produced through P} 

In (1) r may have any positive value, 

in (2) r is negative and numerically less than 1, 

in (3) r is negative and numerically greater than 1. 


ч 


Project P,P and PP, on any two lines parallel to the axes. 
(Fig. 28.) In either of the three cases, 


MM РР, а MN PP. 
MM, PP, ’ NN, PP, ^ 
ог Tn rand YOM =r, 
Co — V У — У 
from which a= 01+ таз, y = LETY, 
ltr 1+7 
EXERCISE XI 


1. Find the point which divides the line from a (— 1, 3) to (6, — 5) i in 
the ratio 8:2. 
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2. Find the point which divides the line from (3, $) to (— 5, 8) in the 
ratio — $ ; in the ratio — $ | 

3. Find the external point on the line joining P,(a, b) апі P(c, d) 
which is љ times as far from Р, as from Pz. 

4. Find the points which trisect the line joining Pi(xi, yi) and 
Р»(ж, уг). | 

5. The point P divides the line P, P; in the ratio т: 1; trace the varia- 
tion in r as P moves along the line internally from Р, to Pz, then on from 
Р, to ©, and then, changing to the other side of Pj, comes in from — œ 
to P. 


32. Angle between two lines of given slopes. 


ExAMPLE. Let two lines Z, and Г, have slopes — 2 and 3 
respectively ; to find the angle which L, 
makes with Z} 

Let Тл ара Г, make angles 0, and 6, 
respectively with the a-axis, and let the 
angle which Z, makes with Z4, be 4. 
Through the intersection of the lines 
draw a line parallel to the a-axis. (Fig. 
29.) Then it is seen that 


| ф = 0, — Ө,. 
Непсе tan ф = tan (0, — b) 
— tan 0, — tan 0, . 
1 + tan 6, tan б, 
But . tan бу==—2, tan 0,— 3. 


—2—3 ,. 
st ub = =1. 
pe TRC 


7. ф = 45°. 


' 33. The angle between two lines. General formula. 

Let two lines, Z4 and Т», have slopes m, and m; respectively ; 
to find the angle which L, makes with Lə 

Let the angles which Г, апа Г, make with the x-axis be б, 
and 0, respectively. Then m, = tan &, m, = tan 0). 
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Let $ be the angle which L, makes with L} 
Through the intersection of L, and L; rud a line pareve 
to the a-axis. Then (Fig. 30), 


| Fra. 30. 


case (1), | 0, > 6, 
| 7 ф = 6, — 6; 
саве (11), | g 6, < ba 


$ =180° — (0, — б). 
| =180°+(%—6), - 
and in either case Nr | 
| . tan ф = tan (0, — 6.) 
__ tan 6, — tan 6, 
~ 1+ tan 0, tan 6; . 
= Mmm, | 
1+ тут 


. 94. Condition for parallel lines, and for perpendicular 
lines. If the two lines of the preceding article are paral- 
lel, tan, = tan 6, and hence т = m, If the two lines are 
‘perpendicular, tan ф = tan 90° = оо, aud hence 1 + тут = 0. —— 

Conversely, if m,= ur tan ф = 0,. '. $ = 0, and therefore the 
lines are parallel. 

If 14+ mm,=0, tan $ = 00, ~ . I 90°, апа ‘therefore the 
lines are perpendicular. | 

Therefore, the condition that two lies of оры m, ud т» 
be parallel is m,=m,; the condition that nd be perpen- 
dicular is 1 + mm, = :0, ог C E Ээ 


Ma `` 
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EXERCISE XII 


For rectangular axes. Draw a figure in each case. 

1. Show that the line joining (8, 2) and (— 2, — - 18) is в perpendicular 
to the line joining (1, 8) and (4, 2). 

2. Show that (— 1, — 2), (8, 2), and (— 3, 0) are the vertices of a 
right triangle. Find the other angles. 

8. Where does a line cut the x-axis if it passes duh (2, — 8) and 
is parallel to the line through (— 1, 5) and (4, — 2)? ; 

4. А line is drawn perpendicular to the line through P,(— 2, 5) and 
Р,(4, — 8) at its middle point; find a point P on this perpendicular 
whose abscissa is 8, and show that P is equidistant from P, and Pz. 

5. The vertices of a triangle are (7, 4), (— 2, — 5), and (8, — 10) ; 
8how that the line joining the middle points of two sides is parallel to the 
third side, and is half as long, by using formulas for slope and distance. 

6. Find a fourth point which with the three given in example 5 form 
the vertices of a parallelogram. 

7. Two lines, Lı and Г, make tan-12 and tan-!— 4 respectively 
with the x-axis; find the angle which Li makes with Ls. 

8. The vertices of a triangle аге P,(—1, 5), Р,(8, —4), and 
P;(6, 2); find the slopes of the sides and the angle at P. 
` 9. Show by their slopes that the line joining (— 3, 4) and (6, 1) is 
parallel to the line joining (7, 2) and (5, $). ` 

10. A line L makes an angle of 46? with the line through (1, 1) and 
(6, 8); find the slope of L and the angle which it makes with the z-axis, 

11. Lı passes through (4, 5) and (6, — 3). Ze is perpendicular to E ; 
find the slopes of Lı and Г». 
. 12. Тл has a slope m. The "T which Г makes with the x-axis is 
double the angle which Lı makes with the z-axis ; what is the slope of Le? 

13. The slope of one line is 3.728 and of another — .824; find the 
acute angle between them. 

14. Find the slope of a line which makes an angle of — 42° with a line 
of slope .4364. 

15. A line passes through (6, — 3) and has a slope .824; find a pont 
оп the line with abscissa 1.2. 

16. A line cuts the z-axis at (a, oy and makes tan-! m with the x-axis ; 
find where it cuts the y-axis.. 

17. A line passes through (a, 0) and makes tan-!m with a line of 
slope n ; find its slope, and where it cuts the y-axis, 
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J HI AREAS OF POLYGONS 


35. Area of a triangle in terms of the codrdinates of its 
vertices. E 5 : 


ExaAMPLE 1. To find the area of a triangle whose vertices 
in rectangular codrdinates are P,(— 2, 3), Р,(4, —1), an 
Р,(1, —6). ` | ae | : 

Through the lowest vertex, P, (Fig. 31), draw a line parallel 
to the a-axis, and from the other vertices drop perpendiculars 
| to this line, meeting it 

in M, and М. | 
> Then the area re- 
quired is equal to 
area of МЬР„Р,М, 
— area of P,M,P, 
— area of M,P;P, - 
7D =} M MjOLP,4- МР, 


—4 PM, М.Р, 
-— 4 MP; МР; 
=4-6 (9+5) 
— 4.3.5 
—1.3.9 


If P,P,P, represents 
a triangular field to a 
Le d . scale of 1 space =n ft., 

then the area of the field is 21 n? sq..ft.- 


ExaAMPLE 2. To find the area of the triangle whose vertices 
in polar codrdinates are (3, 60°), ( — 2, 125°), and (5, 215°). 

The area required is the sum of the areas of the triangles 
OP,P, OP; Ps. OP,P, (Fig. 32), . | 

The area of a triangle is equal to one half the product of two 
sides and the sine of the included angle. 
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? P, (3, 60°) 


P, (5, 215°) 


Ето. 32. 


.". the required area 
= 1 + OP, - OP; sin P,OP; +1 ОР,. ОР, sin n P,OP, 
+1 ОР, · OP, sin P,OP, 
=} -3-5sin155°4+4-.5-2sin90°+4-2-3sin115° 
={ (15 sin 25° + 10 + 6 cos 25°) = 10.89. 


EXERCISE XIII 
1. Find the area of the triangle whose vertices in rectangular coördi- 
nates are (8, — 5), (— 8, 6), and (9, 2). 


2. Find the area of the triangle whose vertices in polar coórdinates are 


(е) eb tas are 
4 
8. Find the area of a пе whose vertices in сы coordinates 
are (0, 0), (ж, y1), and (22, Y2). 
4. Find the area of a triangle whose vertices in polar coórdinates are 
(0, 0), (т, 61), and (72, 62). 


Б. Find the area of the quadrilateral whose vertices in rectangular 
собтаіпаќев are (— 2, 5), (7, 9), um — 8), and (—6, — 9). 


36. Area of a triangle. General formula in rectangular 
coördinates. Let Р, (а, уу), Р„(ж„, ye), and P3(ay, ys) be the ver- 
tices of a triangle in rectangular coördinates ; to find the area 
of the triangle. 
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Through the lowest vertex (P, in Fig. 33) draw a line paral. 
lel to the x-axis, and from the other vertices drop perpendicu- 
lars to this line, meeting it in M; and М. Then 


| Я | Ета. 33 
area of triangle P, P,P, 
= area of trapezoid M,P,P, M, 
+ area of triangle P,P,M, . 
— area of triangle Р„МЬР, | 
= (МР, + М.Р. MM, + 4 P,M,-M,P,—} P.M, - МУР, 
[О — Y + ys — Yo) (£3 — 93) + (ш — ж») (у, — Yo) 
| = (23 — T) (ys—15)]; 
or, area P, PP; =} (ay; + £Y + yi — LY — LY) — 0305). 
This may be written in the determinant form 
т n'i 
ж Yo 1 
s ys 1 


i 


In Fig. 33 the succession of subscripts 1, 2, 3, is obtained by 
going around the triangle counter-clockwise. If the points had 
been so lettered that in following the above order it would be 
necessary to go around the triangle clockwise, the area would 
have been found to be minus the above expression. | 

This сап be seen to be true by exchanging two of the sub- 
scripts, say 1 and 2, in Fig. 33, and making the same exchange 
in the formula, The change in the figure changes the order 
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from NT M to clockwise, and the change in the 
formula just changes the sign of the whole expression. 


37. Area of a triangle. General formula in polar coördi- 
nates. Let P(r, 0,), Ps(r2 62), and Ps(ry 0з) be the vertices of 
a triangle in polar codrdinates ; to find the area of the triangle. 

Two cases are to be distinguished, according as the pole lies 
without or within the triangle. The second case will occur 
only when the difference between the vectorial angles of two 
of the vertices is greater than 180°.. 


Га. 34. 


In case (1) е, area of the бад P,P,P,is Бапа] to the area 
of triangle OP,P, + area of triangle OP,P, — area of иш 
OPP, 


| = 1 тү sin (6, = 0) + i Tor. sin @, — в) i Tis sin (0, — 0) 
же} [rra sin (0, — 61) + ror, sin (6, — b) + rari sin (6, — 6,)]. 


In ease (2) the area of triangle OP,P, must be added to the 
areas of the other two triangles, instead of subtracted from 
them, as in case (1); but area of OP,P, is here equal to 
4 rira sin [360° — (8, — 6) ] which is equal to — 47,7, sin (8, — бу). 
The formula for the area of the triangle sought reduces there- 
fore to the same as in case (1). 

Just as in the case of the area in rectangular codrdinates, ГА 
above formula would give the negative of the area if the sub- 

D 
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scripts were so arranged that in following the order 1, 2, 3, it 
would be necessary to go around the triangle clockwise. 


38. Area of a polygon. General formula in rectangular 
coordinates. If the origin be one of the vertices of a triangle 
whose other vertices are Р, (2, у) and 
P(g уз), the. formula for the area of 
p the triangle given in Art. 86 becomes 
о! ` ў 


F (EY — ал), 

provided that in going around the tri- 
angle counter-clockwise the vertices are 
y . passed in the order P, P, and О. 
EV ^ This area of the triangle OP,P, may be 

ako thought of as generated by a line OP, 
initially in the position OP, turning counter-clockwise about 
О to the final position ОР, the point P moving along the 
line Р.Р. With this conception of the B | 
area, it must be noted that it is the ab-¢ 
scissa, x, of the initial position, P, of 
Р which comes first in the formula for 
the area, 1 (aya — cy). | 

If the line OP must turn clockwise 
from the position OP, to the position - 
OP, then the expression 1 (210 = £a) 
is equal to the negative of the area of о 
the triangle ОР,Р,. ; Bias 96. 

Let (zy, — жоу) be denoted by A. Thus 

A = dy vy). 

Consider now any polygon whose vertices in rectangular co- 
órdinates ате P,(a%, #1), Ps(a Yo), -- Р„(ж„ Yn), the vertices 
being so lettered that in going around the polygon counter- 
clockwise the vertices are passed in the order P, P, + P. 

For definiteness let n = 6, and let the polygon be as shown in 
Fig. 37, the origin being outside of the polygon. Leta point P 
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start at P, traverse the perimeter of the polygon counter- 
clockwise, and return to Р. The line OP generates in order 
the triangles ОР,Р„ ОР,Р,, +++ ОР,Р. Now the area gener- 
ated by OP which lies without 
the polygon is generated twice, 
with OP turning once clockwise, 
once counter-clockwise; or else 
is generated four times with OP 
turning twice clockwise, twice 
counter-clockwise; but the area 
within the polygon is generated 
once, with OP turning counter- 
clockwise; or else is generated 
three times, with OP turning 
once clockwise, twice counter- 
clockwise. Therefore if the expression A be formed for each 
of the triangles OP,P,, ОР,Р,, --- OP,P,, and their sum taken, 
all the area generated by OP will be cancelled out except that 
within the polygon and that area will be counted just once. 
Therefore the area of the polygon is equal to 


Fia. 37. 


Gu — Ай + 495 — Vaya + 93/4 — 94s t+ Xs — XA + 0506 — Ves 
+ жуу — 2106). 


A convenient method of arranging the coórdinates for the 
computation of the area is as follows: Write down in succession 
the abscissas of the vertices taken in order counter-clockwise around 
the polygon, repeating the first abscissa at the last; under the ab- 
scissas write the corresponding ordinates: | 


(E, 05 Ly Vy By % & 
V ya Ys JA Уз Ye У 


Then multiply each abscissa by the following ordinate and take 
the sum of the terms obtained ; multiply each ordinate by the fol- 
lowing abscissa and take the sum of the terms obtained. The area 
is half of the first sum minus half of the second. — 
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EXERCISE XIV 


1. The vertices of a polygon taken in order are (6, 1), (9, — 4), 
(8, — 10), (— 8, — 5), (— 6, — 8), = 12, 0) and (— 4,6); find the area 
of the polygon. 


2. The distances north of a fixed east and west line of four points A, 
В, О, D are respectively 32.6 ft., 65.1 ft., 80.3 ft., 51.7 ft., and their dis- 
tances east of a fixed north and south line are respectively 25.3 ft., 48.2 
ft., 94.5 ft., 106 ft.; find the area of the quadrilateral ABCD. 


* 3. The distances of four points A, B, C, D from a point О are respec- 
tively 120 ft., 216 ft., 320 ft., and 65 ft., and their directions from O are 
respectively E. 25? N., №. 32° W., S. 74° W., E. 67° S. ; find the area of 
ABCD. | 


4. The vertices of а triangle are (8, — 2), (— 4, 1), and (— 8, — 5); 
find (a) the area, (b) the lengths of the sides, (c) the slopes of the sides, 
(а) the angles. 


5. Show (a) by the lengths of the sides, (5) by the slopes of the sides, 
that the quadrilateral whose vertices are (1, 2), (8, — 2), (— 1, — 3), and 
(— 8, 1) is a parallelogram. Find its area. 


6. Show by means of the slopes of the lines that the line joining the 
middle points of two sides of any triangle is parallel to the third side. 
Show also that its length is half that of the third side. 


7. The vertices of a triangle are Р;, Pz, Рз; find the point which di- 
vides the line from Р, to the middle point of Р Рз in the ratio 2:1. Show 
that, using either of the vertices in like manner, the same point is obtained, 
and hence that the three medians of a triangle meet in a point. 


8. In the formula for the area of a triangle in rectangular eoórdinates, 
substitute the values of the rectangular coórdinates in terms of the polar 
coórdinates and obtain the formula for the area of the triangle in terms of 
polar eoórdinates. : 


9. The line joining (a, 5) and (c, d) is divided into four equal parts ; 
find the points of division. 


110. Show analytically that the middle — of the sides of any quad- 
rilateral are the vertices of a parallelogram. 


11. Prove that the middle point of the line joining the middle points of 
two opposite sides of any quadrilateral has an abscissa equal to one fourth 
the sum of the abscissas of the vertices of the quadrilateral, and find the 
similar relation for the ordinates. What conclusion can you draw ? 
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12. The point (2, К) is equidistant from (— 5, 7) and (8, 4); find k. 

13. The point (x, y) is equidistant from (2, — 1) and (7, 4); write 
the equation which x and y must satisfy. What is the locus of (x, у) ? 

14. Express by an equation the condition that the point (z, y) is dis- 
tant 5 from (2, 3). What is the locus of the point (x, у)? 

15. Show that the line joining (4, — 4,) and (— 2, — 1) is кешен 
lar to the line joining (8, 1) and (1„—8). 

16. Find the angle which the line whose кн is 6.824 шаКев with the 
line whose slope is — .657. 


17. Find the slope of a line which makes an angie of 80° with a line 
whose slope is 3. 


18. The line Гл —! an angle of 40? with the x-axis, and the line Za 
makes an angle whose tangent is 2 with Lı ; find the slope of Г». 


19. If L, makes tan-! a with the x-axis, and Lg makes tan-1b with Гл, 
find the slope of Ze. 


. 20. The angle from Z4 clockwise to Г is tan-1(3), and the angle from 
La counter-clockwise to the x-axis is tan-1(— $) ; find the slope of Lı. 


SCH eE TER ПІ. 


GRAPHICAL REPRESENTATION OF A FUNCTION; 
| ‚ EQUATION ОЕ A LOCUS 


39. Function and variable. One quantity is said to be a 
function of a second quantity when to every value of the 
second there corresponds one or more values of the first. 

Thus in the equation v — gt, which expresses the velocity of 
a body falling freely in a vacuum in terms of the time, the 
velocity, v, is a function of the time, t. 

Again, in the equation pv =a constant, the formula which 
expresses the relation between the pressure and volume of a. 
gas kept at constant temperature, either of the quantities por 
v is а function of the other one. 

The quantity whieh may take, or to which may be assigned, 
arbitrary values is called the independent variable, or often 
simply the variable, and a function of this variable. is often 
ealled the dependent variable. 

According to the above definition of a function any consan: 
may be regarded аз a function which takes the same value for 
all values of the variable. 

Iı to every value of {Һе variable there is just one valde of 
the function, the function is said to be a single-valued function. 
of the variable. If two, three, or more values of the function 
exist for every value of the variable, the function is called re- 
spectively a double-valued, triple-valued, or, in general, a 
multiple-valued function of the variable. 

Thus in v— 321, v is a single-valued function of t, and in 
y? =4 0, y is a double-valued function of 2 Оп the other 
hand, # is a single-valued function of y, if y be taken as the 
independent variable. 

88 
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40. The graph of a function. It is not always possible to 
express by means of an equation the value of a function in 
terms of the variable When, however, there are known - 
several pairs of corresponding values of two quantities, one 
of which depends upon the other, a graphical representation of 
one of the quantities as a function of the other may be made 
which will exhibit in an instructive way the dependence of one 
of the quantities upon the other. ` 

To illustrate this consider the following examples. 


ExaMwPLE 1. It was found that when a certain rod of steel 
was subjected to tension, the values of the extension of the rod 
in terms of the tension were аз shown in the following table, 
in which 7 is the number of pounds of tension per square 
inch of cross-section of the rod and e is the number of units of 
extension per unit length of the rod, the initial tension being 
1000 1b. 


T 1000 5000 10,000 20,000 30,000 40,000 50,000 51,000 
e С 0 .0008 .0009 .0019 .0030 .0040 .0053 .0056 
T 52,000 54,000 56,000 58,000 60,000 70,000 80,000 
є .0058 .0064 .0075 .0089 .0113 .0272 .0500 


Take the values of e as abscissas and the values of T'as 
ordinates and plot the points representing the corresponding 
values of e and T. Then draw a smooth curve through these 
points. On the assumption that as the tension changes grad- 
ually, passing through all values between the first and last 
values of the tension that are given, the extension also changes 
gradually, the smooth curve through the plotted points may be 
taken as a graphical representation of T as a function of ein 
the sense that the coórdinates of any Dou on ше: curve are 
corresponding values of є and T. 

In general the more points that are determined by known 
values of the variables the more accurately will the curve- 
represent the function. Of course, tent these pons should be 
somewhat evenly separated, 
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Outside the range of values given, no information can be 
drawn from the curve concerning the values of the function 
for a given value of the variable. 


_ TENSION IN LBS. PER 88.19. 


pest 
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The eurve does not give any information that is not con- 
tained in the table, but gives the same information in such а 
way as to bring out relations that are not readily observed 
from the table.  : | Фа, De | 

From the curve it is seen that as long as Т' із less than 
about 50,000 the extension is proportional to the tension, the 
points of the curve lying on a straight line approximately, but 
that when T passes through the value 50,000 the extension 
increases more and more rapidly as Т increases. 

Also the value of 7' corresponding to an assumed value of « 
may be found approximately from the curve by measuring the 
value of the ordinate of the point of the curve which has the 
assumed value of e as abscissa. Likewise the value of e corre- 
sponding to an assumed value of 7' may be found. 

ExaAMwPLE 2. The following table shows the number В of 
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beats per minute of à simple pendulum of length L centi- 
meters for certain values of L: 


L 10 12 15 20 25 30 40 50 60 70 80 90 100 
B 190 172 154 136 120 110 95 85 78 72 67 63 60 


200 
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Take the values of L as.abscissas and the values of B as 
ordinates and plot the points representing the corresponding 
values of L and B. The curve drawn through these points 
shows graphically the manner in which B depends upon L. 

It also enables one to pick out approximately the value of B 
for a given value of L within the limits given, or the value of 
L for a given value of B. | | 


41. Equation of a locus. In each of the two preceding ex- 
amples a curve was drawn such that the coórdinates of all 
of its points were corresponding values of the function and 
variable but no equation was found which expressed the 
dependence of the function upon the variable. ` | К 

In each of the examples to be next studied some simple 
locus of points will be considered, and the equation which 
expresses the dependence of the ordinate of any point of the 
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locus upon the abscissa of the point will be derived. . This 
equation will be known as the equation of the locus. 
Derinition. The equation of а locus is an equation between 
the coórdinates of any point of the locus. 
The locus, on the other hand, is called the locus of the equa- 
tion. © 


42. Two fundamental probleme, The two fundamental prob- 
lems of Plane Analytie Geometry are: 

(1) Having given а locus of points determined by certain 
geometric conditions, to find the equation of that locus. - 

(2) Having given an equation in two variables, to find by a 
study of the equation the form and properties of the locus 
which it represents. . І 
` In this chapter some examples ПЛ the methods of 
finding the equation of a given locus will be considered, and 
in the next, chapter some methods of obtaining the locus when 
the equation is given will be Studied: 


` 43. Illustrations. EXAMPLE 1. Consider the locus of a point 
which moves core the straight line passing through the points 
: P,(3, —1) and Р, 
(—5, 4). If any 
point JP(z, y) be 
taken on this line, 
the value of the or- 
dinate clearly de- 
pends upon the value 
of the abscissa. of 
the point. That is, 
, у is a function of 2. 
P(z y) То find the law, 
or equation, which 
expresses the depen- 
dence of y upon z, draw through P, P, and P, lines parallel to 
the axes to form the triangles РМР, and P,M,P, as in Fig. 40. 


Fia. 40. - 
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Then by similar triangles 


МР; _ МР, 
| |o ИР MP, 
фе. T co ан ЭЙ 
| 2—3 —1—-y' | NES 
which reduces to _ 52+8у=7. — 5 


If P(x, у) is а point not on the line through P, and P, the 
triangles PM,P, and P,M,P, are not similar, and equation (1) 
does not hold. Hence equation (1) holds for all points on the 
line and for no others. It is therefore the equation of the line. 

The equation may be solved for y and written 

| у=(—р2+{ . 

. The equation is the law of the dependence of y upon g. в 
may be stated as follows: The ordinate of any point on the 
straight line passing through (3, — 1) and (— 5, 4) is equal to 
— {$ of the abscissa of the point plus 1. 

Equation (1) might also be solved for z, which бай ех- 
press х as a function of у. 

ExaMPLE 2. Consider the locus of a point which moves во 
as to keep always at a distance 6 from the point P,(3, 2). 

The locus is a circle with. 
radius 6 and’ with center at 
(3, 2). | | 

Here again the value of the 
ordinate of any point on the 
locus is a function of the ab- 
scissa of the point. To find. 
the law that expresses the 
ordinate as a function of the 
abscissa, consider any point 
P (xæ, y) on the circle. The con- . 
dition that Pmust fulfillis that ` 


P,P=6. 
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Now P,P-N(x— A 2 | 
э = 8) +(Y—2)7= 36, (2) 


. Since eq. (2) is true for all points on the circle and for no 
others, it is the equation of the locus, 
If the equation be solved for y, the result is 


y= 2 + У36 — (2—3)? 


This equation expresses y as а function of a. 

` Since there are two values of y for every value of x, y isa 
double-valued function of a. 

Equation (2) might be solved for ж, and 2 be thus ui 
as а function of y. — 

ExAMPLE 3. А point moves in the plane so as to keep equi- 
distant from P,(3, — 2) and P,(— 4, 7); to find the equation of 
the locus. 

To find the nodion of the 
. locus, one must .express by 
means of an equation ‘which 
contains the coórdinates of any 
. point of the locus that geomet- 
тіс condition which is satisfied 
by all points of the locus and 
by no others. This property 
is expressed by the equation - 

P,P = P,P. 


. Expressed in terms of the со- 
РТА? of the point Р, this equation becomes 


 V(G-3y3GY3Z)-VG493G-—7À — (D 
Squaring both members, cancelling, and collecting, there results 

24 Tæ—9y+26=0, (2) 
which is the desired equation of the locus. For all values of z 


and y that satisfy (1) also satisfy (2). In retracing the steps 
from (2) to (1), a double sign is introduced which would give 


Fig. 42. 
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P P= + P,P. Butas P,P and P,P are positive distances, the 
equation containing the minus sign has no geometric signifi- 
cance. Equations (1) and (2) therefore are satisfied by res 
eisely the same points. 
` The locus is known from plane geometry to be the straight 
line which is perpendicular to P,P, at its middle point. 
EXAMPLE 4. А point moves so that the sum of its distances 
from P,(4, 0) and P,(— 4, 0) is always ан to 10; to find the 
equation of the locus. 
Let P (ay) be any 
point of the locus. The 
geometric condition sat- 
isfied by all points of 
the locus and by no 
others is expressed by `` 
the equation 


P,P + P,P = 10. | 
Expressed in terms of Fro. 43. 
the coórdinates of the point P, this becomes 


Уууу) = 10. 
When freed from radicals, this equation becomes 
9 а? + 25 у = 225. 


This is the'equation of the locus. It will be shown in Art. 83 
that no new points are introduced into the locus by squaring. 

A point which moves so that the sum of its distances from 
two fixed points is constant, describes an ellipse. 

The above locus is therefore an ellipse. 

Points of the locus may be obtained by describing arcs with 
Р, and Р» as centers and radii whose sum is 10. The inter- 
sections of two such arcs are points of the locus. 

ExAMPLE 5. А point moves so that the difference of its dis- 
tances from P,(5, ig and P,(— 5, Эз is 8; to find the a 
of the locus. • i 
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Let Р@, y) be any point of the locus. 

The geometrio condition satisfied by all points of the locus 
and by no other 
points is then | 


P,P~P,P=+8. 


This equation when 
expressed in terms 
of z and y and freed 
from  radieals re- 
duces to 


9 a? — 16 y? — 144, 


which is the equa- 
tion of the given 
locus. It will be 
shown in Art. 87 that no new points are introduced into the 
locus by squaring. 

A point which moves so that the difference of its distances 
from two fixed points is constant, der 
scribes an hyperbola. . 

The above locus is therefore an 
hyperbola. 

Points of the locus may be obtained ™] 
by describing arcs with P, and P, as 
centers and radii whose difference is 8. 
The points of intersection of two such | 
ares are points of the locus. 

ЕхАМРІЕ 6. <A point moves so that 
it remains always equidistant from P, . 
(6, 0) and the y-axis; to find the equa- 
tion of the locus. 

Let P(z, y) be any point of the jos 
cus. From P draw PM perpendicular: 
to OY. Then the geometric condition to be satisfied by Pi is 


Fia. 44. 


Fig: 45. 
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expressed by the equation 


MP = ZU. 
Expressed in terms of the coórdinates of P(z, y) this is © 
| g == V (% — 6)# + y. 6) +y, . (1) . 
which on squaring reduces to | | 
y! == 12 ж — 36. 2 (2 


This is the equation of the locus. 

That no new points were introduced into the locus by squar- 
ing eq. (1) may be seen as follows: Any values of x and y that 
satisfy (1) also satisfy (2), but there are values of x and y that 
satisfy (2) that do not satisfy (1). For in retracing the steps 
from (2) to (1) a double sign is introduced; i.e. given eq. (2), 
there follows 


"— — 6)#++ у. 


Now it is evident geometrically that no point can be equi- 
distant from the y-axis and (6, 0) and have its abscissa negative. 
Therefore only the plus sign can be used. Therefore all points 
whose eoórdinates satisfy (2) also satisfy (1). No real values 
of z and y could therefore have been шге into eq. (1) 
by squaring. 

A point which moves so as to keep equidistant from a fixed 
point and a fixed straight line describes a parabola. 

The above locus is therefore a parabola. - 


44. Method of finding the equation of the locus of points 
which satisfy a given condition. In finding the equation of 
the locus of points satisfying a given condition, a certain 
method was followed in the preceding examples., This 
method will suffice for finding the equation of the locus of 
points satisfying any condition, if that condition can be ex- 
pressed by means of an equation. The method may be formu- 
lated as follows: 
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To find the equation of the locus of points which satisfy a 
given condition, 

(1) Assume any point P on the locus. 

(2) Write the equation which expresses the condition that Р 
must satisfy. А 

(3) Express this equation in terms of the codrdinates of Р 
and simplify the equation. 


45. Intercepts of a locus on the axes. The abscissa of a 
point where a locus cuts the a-axis is called an x-intercept of 
the locus. The ordinate of a point where a locus cuts the 
y-axis is called a y-intercept of the locus. 

If the equation of the locus is known, the z-intercepts may 
be found by letting y equal zero in the equation and solving 
the resulting equation for 2. Likewise the y-intercepts may 
be found by letting v equal zero in the equation and solving 
the resulting equation for y. 


i EXERCISE XV . 
Derive the equations of the following loci. Find the intercepts of the 
loci on the axes. Plot the loci. ME 
/— 1. A straight line through (1, 4) and (— 6, 7). 
2. A straight line through the origin making an angle of 60? with the 
£-axis. 
'  $. Тһе z-axis. The y-axis. А parallel to the x-axis through (5, 2). 
4. A straight line through (3, — 5) with slope 2. 
5. A straight line through (a, 0) and (0, b). 
6. A straight line through (0, 6) with slope m. 
7. А circle with radius 5 and center at (2, — 4). 
8. A circle with center at (— 6, 4) and passing through (8, 1). 
9. A circle with the ends of a diameter at (5, — 6) and (3, 12). 
. 10. A circle with center at (^, k) and radius r. 
11. A circle with center at the origin and radius r. 
12. A circle tangent to both axes and radius r. · 
13. A circle tangent to the y-axis at the origin and radius r. 
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' 14. The locus of a point which moves so that the sum of its distances 
from (0, 8) and (0, — 3) is 8. 


15. The locus of a point which moves so that the difference of its 
distances from (0, 8) and (0, — 8) is 4. 


16. The locus of a point which moves so as to remain always equi- 
distant from the point (0, — 4) and the z-axis, 


17. The locus of a point which moves so that the sum of its distances 
from (8, 2) and (— 6, 1) is 12. 


18. The locus of a point which moves so that the difference of its dis- 
tances from (2, 3) and (— 5, — 1) is 6. 


. 19. The locus of a point which moves so as to keep equally distant 
from ( — 3, 4), and the line parallel to the y-axis through (8, 6). 


20. 'The perpendicular bisector of the line joining (1, 7) and (8, 2). 


21. A column of concrete 50 in. long was compressed longitudinally 
and the following numbers obtained, in which Р = number of pounds 
compression per square inch of cross section of the column, and e = num- 
ber of inches of compression, the initial load being 100 lb. per square 
inch. 


P 100 150 200 300 400 500 . 550 
e 0 .0007. .0016 .0034 .0057 .0080 .0093 
P 600 боо 650 700 800 900 1000 


e 0108 .0112 .0121 .0139 0175 .0221 .0276. 019000 failed. 


Make a graph which shows Р as a function of e, and get what informa- 
tion you can from the curve. : 


22, A steel rod of diameter „564 in., length 3 in., was subjected to a 
tensile force. . The following measurements were made, in which 


P = number of pounds tension per square inch of éross section of the rod, 

A = number of inches extension, the initial load being 1000 lb. per square 
inch. . . 

P 1000 5000 10,000 20,000 30,000 40,000 86,000 37,000 

A © .0008 .0008 .0018  .0028  .0039 .0058  .0072 

P 38,000 39,000 40,000 41,000 42,000 44,000 46,000 50,000 

` .0114 .0559 .0598 .0615 .0669 .0800 .09056  .1210 


Маке a graph which shows Р as а function of X. What information de 
you get from the curve? 
Е 
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23. The following measurements were taken in an experiment in 
which an india rubber cord was stretched by hanging a weight to its end. 
W = weight in kilograms, /, = length in centimeters, | 
Ww 0 5 1.0 1.5 2.0 2.5 80 8.5 
L 10 | 10.1 10.3 10.6 109 11.8 . 117 12.2 
W 4.0 4.5 5.0 5.5 6.0 6.5 7.0 1.5 
L 124 18.3 13.9 . 14.6 15.83 16.1 16.9 17.9 
Make a graph which shows W as a function of L. | 
24. In Ех. 23 reduce W to pounds and Z to inches, and draw the 


graph. How does the curve compare with that of Ex. 23? By what 
choice of scale units could you make the two curves coincide? 


CHAPTER IV 


LOCUS OF AN EQUATION 


46. The second fundamental problem. In the preceding 
chapter some equations of simple loci were obtained from the 
geometric conditions which the points of the loci satisfied. In 
this chapter the converse problem of finding the locus when 
the equation is given will be considered for some simple equa- 
tions. 

ILLUSTRATIONS. ExAMPLE 1. To find the locus of the 
equation . y=2a+1. 

Any number of points whose coórdinates satisfy this equa- 
tion may be found; for any. value may be assigned to х and a 
corresponding value for y computed from the equation. A few 
corre ponding values so obtained are: | 


æ 0, 1, 2, 4, —3, —48, 
y 1, 3, 5, 9, —5, —12. 


Plot the points determined by these pairs of values a z and y. 
They seem to lie on a straight line. 

That the locus of the equation is a straight line may be 
proved as follows: 

Draw a straight line through two Баны TORY — 
whose eoórdinates satisfy the equation, as Р, 
(0, 1) and P,(2, 5). (Fig. 46.) Take any 
point P(z, y) on this line and through it 
draw а line parallel to the x-axis. From P, 
and Р, drop perpendieulars to this line, 
meeting it in M, and М. 

Then from similar triangles, PM,P, and 
PM,P, 


МР, _ MP, or 5—y 
MP MP? 2—2 2-0’ 
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which reduces to 
| | y—2z-r1. 


This equation, therefore, holds for every point on the line. 

Conversely, all points whose coórdinates satisfy the equation 
lie on the line; for if a point P(z, y) be taken not on the line, 
the triangles PM,P, and РМ,Р, are not similar, and hence the 
above equation does not hold. 

Hence the equation y —2z--1 is satisfied by all points on 
the straight line through (0, 1) and (2, 5) and by no others. 
The line is therefore the locus of the equation. 

ЕхАмрІЕ 2. | To find the locus of the equation, 


æ +y — 6 x+ 8 у = 24. 


This equation may be brought into a form like that of eq. (2) 
of Art. 43, by completing the squares in the terms containing x 
and in those containing y as follows, 


а^ —6a+9+y? +8y+16= 2449416, 

oro (6-3! x04 - 
Now. the left-hand member of this equation is equal to the 
square of the distance from 
(2, y) to (8, —4), and the 
equation therefore states 
that this distance is equal 
. to T. Hence (2, y) must 
lie on the circumference 
of a circle with center at 
(9, — 4) and radius 7. 

Moreover, the coórdinates 
of any point on this circle 
' satisfy the equation. Hence 
the circle is the locus of the 
Fio. 47. | equation. (Fig. 47.) 


EXAMPLE 3. To plot tke jodas of. 


"t yada, 
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The following pairs of values of z and y are obtained by ar- 
bitrarily assigning values to æ and computing the corresponding 
values of y. - 


so 1, 52 3, 4, 5 — 6 10 
y 0, £1, £2, + v8, +У12, +4, xv20, xr V24, +-V40. 


From the equation the ири facts are readily seen to be 
true: 

(1) If x is negative, y is imaginary ; therefore no part of the 
locus lies to the left of the y-axis. 

(2) Every positive value of x gives two values of y which 


differ only in sign; there- : 
| В ТАЕ 


fore the points of the locus ЕЕ ИКЕ Ей а 
lie in pairs such that the E | 


x-axis bisects at right angles 
the lines joining the pairs. 

(3) As æ increases, the 
positive value of y also in- 
creases, and as ж becomes 
infinite, y also becomes in- ' 
finite; the locus therefore 
recedes : indefinitely from 
both axes as æ increases in- 
definitely. Fra. 48. 

(4) А small change іп ж makes а small change in y. 

The part of the locus which lies in the first quadrant may, 
therefore, be thought of as generated by a moving point which, 
starting at the origin, moves along a curve gradually rising as 
the point moves to the right and passing ш the above 
calculated points. 

-The part of the locus which lies below the a-axis eodd be 
obtained from that above the «x-axis by folding the upper part 
of the plane over upon the lower part, using the a-axis as an 
axis of revolution. 

The locus is therefore approximately the curve of Fig. 48. 
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EXERCISE XVI 
Prove that the locus of each of the equations from 1 to 5 is a straight 
line. Find the intercepts of the lines on the axes and draw the lines. 
І. 82—4у=6. з. %4%=1, 4. у=7х +38. 
2. 20 +5 у = 12. 8 4 b. 4z—8y--9—0. 
` Prove that the locus of each of the following equations is a circle, and 
find the center.and radius. 


6. 22 + у — 4х = 0. д, £ +Y — 2 ах— 2 by =r? — a? — 2, 
7. 224-9? —8x.-2y —8. 10. z?4-y?42z—3y-1. 

8. 22 + у? = rà, B «2 4+ y? — 2 ax = 0. 

Plot the loci of the following equations : 

12. y?—4(xz—2) . 14. 22-8 (у—4). 16. g?=-y. 

18. 22 = 86у. 15. у2=— 4х. 17. х—8= 9 (у + 1)2,. 


18. y?= mz, letting m = уу, 1, 4, 16, 100, — 1, — 100. 
19. 22 = my, letting m take different values. 
20. х2 +452=16. — 21. 323—439? — 16. 


` 47. Symmetry. Before taking up more difficult problems 
in loci it will be well to discuss briefly the subject of symme- 
try of a curve with respect to a line and with respect to a point. 

Two points are said to be symmetric with respect to a given 
line when the given line bisects at right angles the line joining 
the two points. 

T wo points are said to be symmetric with respect to a given 
point when the given point bisects the line joining the two 
points. | 

A locus of points is said to be symmetric with respect to а 
given line when all points of the locus lie in pairs which are 
symmetric with respect to the given line. 

The line is then called an axis of symmetry. 

A locus of points is said to be symmetric with respect to a 
given point when all points of the locus lie in pairs which are 
symmetric with respect to the given point. 

The given point is then called a center of symmetry - 

ILLUSTRATIONS. (а) The points (x, y) and (— =, y) are sym- 
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metric with respect to the y-axis, the points (2, y) and (2, — y) 
are symmetric with respect to the a-axis, and the points (a, y) 
and (— x, — y) are symmetric with respect to the origin. 

(b) In y? —4z, if (v, y) is a point of the locus, so also is 
(2, — y); for if the coordinates of either point satisfy the 
equation, so do the coórdinates of the other. The locus is 
therefore symmetric with respect to the z-axis. 

(c) In 2?--4 y? = 16, if (x, y) isa point on the locus, so are 
(—2, y), (=, — у), and (— а, — y); for if the coórdinates of 
the first point satisfy the equation, so do the coordinates of 
each of the other points. The locus is therefore symmetric 
with respect to the y-axis, with respect to the x-axis, and with 
respect to the origin. | | 


48. Tests for symmetry with respect to the coordinate axes 
and the origin. If an equation is such that it is unchanged 
by replacing x by — z, the locus of the equation is symmetric 
with respect to the y-axis. For, whatever value, say 2, be 
given to ж, the resulting equation which determines the cor- 
responding value, or values, of y will be the same equation as 
that obtained by substituting — a, for х. Hence z, and — 2 
give the same values of y. 

Similarly, if replacing y by — у leaves the equation un- 
changed, the locus is symmetric with respect to the a-axis. 

If replacing ж by —a and y by — y leaves the equation un- 
changed, the locus is symmetric with respect to the origin. 

In particular, if an equation contains only even powers of =, 
the locus is symmetric with respect to the y-axis. If it con- 
tains only even powers of y, the locus is symmetric with respect 
to the a-axis. If the terms of an equation are all of even 
degree, ог are all of odd degree іп 2 and y, the locus is sym- 
metric with respect to the origin. (In applying this last test 
a constant term must be considered as of even degree.) 


49. Discussion of an equation. When it is desired to plot 
‘the locus of an equation in two variables, it is well to discover 
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as many properties and facts concerning the locus as one can 
by а study of the тей: Some important things to look 
for are _ | е m 

` (1) Symmetry. ae | 

(2) Points where the locus crosses the axes. ' 

(3) What values, if any, of one ане make the other 
imaginary. ` 

(4) What finite values, if any, pE one variable make the 
other infinite. 

(5) How ingrese ог decreasing one variable will affect 
the other. 

(6) What uus: if any, does one variable approach when 
the other variable becomes infinite. 


50. ILLUSTRATIONS. EXAMPLE 1. To plot Ше locus ae 


gi + 4 y? — 16. (1) 

If.the equation be solved for x and y, jespestivelo there 
results 

| x d e=+2V4—y'* | (2) 

and у=+}У16—а — (3) 


(1) Equation (1) shows the curve to be symmetric with. 
respect to both eoórdinate axes and the origin. 

(2) If y=0, x= x4; if »—0, у= x2. Hence the curve 
meets the axes at (4, 0), (— 4, 0), (0, 2), and (0, — 2). 

(3) Equation (2) shows that if у> 4, æ із imaginary. ..y 
cannot be greater than 2 nor less than — 2. 

Likewise, eq. (3) shows that æ% cannot be greater than 4 nor 
less than — 4. 

(4) No finite value of either variable can make the other 
infinite. 

(5) From eq. (3) it is clear that as æ increases gradually 
from 0 to 4, taking all values in that interval, the value of y 
represented by the positive radical steadily decreases from 
2 to 0. 
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(6) Values of z and y are excluded from becoming minia 
by (3). . ; 
The part of the locus that ld in the first quadrant may 
then be thought of as generated by a point which, starting at 
(0, 2), moves gradually tó the right and downward, until it 
reaches (4, 0). A few additional points through which the 
curve passes will then suffice for a fairly accurate drawing of 
the curve. A few points computed from eq. (3) are 

21 2 3 35, 
y 19 17 13 .96. 
The curve is therefore approximately as shown in Fig. 49. - 
The curve is an ellipse, as will be shown later. 


БШ И БЕЕК ШЫ Б ez HA 
Hep -L LL UN 


Ета. 49. 


EXAMPLE 2. To plot the locus of — ; 


| а#—4%—16. AY 

Solving for ж and у, respectively, a 
а= +2Ур+А 7 s @ 

у= +216. - (8) 


(1) Equation (1) shows the curve to be symmetric with re- 
spect to both coérdinate axes and the origin. 

(2 If z—0, у is imaginary; if y—0, х = + 4. Hence the 
locus does not meet the y-axis, and meets the x-axis in (4 0) 
and (— 4, 0). 

(3) From eq. (2) it is evident that v is real for all real values 
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of y, and from eq. (3) that y is imaginary for all values of a 
between — 4 and 4, and is real for all other values of 2. 

(4) No finite values of either variable makes the other in- 
finite. 

(5) Considering the value of у corresponding to the positive 
sign of the radical in eq. (3); and considering positive values 
of x, it is evident that as x increases y also increases, a small 
change in 2 making a small change in y. | 

(6) As x increases indefinitely, y also incrodbsd талаби нау. 

Moreover, as æ becomes larger and larger, "a? — 16 differs 
less and less from х. This may be proved as follows: ' 

The difference between х and меке 16, i.e. а — Уа? — 16, 
may be expressed as 


Vai—16)(s-Vai—10) ^ 16 ^ 
К с к с = ус 
2+ Уа? —16 EET EST: 


Now, Mie х increases indefinitely, this fraction decreases in- 
definitely and approaches the limiting value 0. Therefore as æ 
increases indefinitely, the value 
of y approaches nearer апа nearer 
without limit to the value of 1a. 

Now, y = |2 is easily shown to 
be the equation of a straight line 
through the origin and the point 
(2, 1). Let this line be drawn. 
(Fig. 50.) The curve will then 
come nearer and nearer without limit to this line as æ becomes 
infinite. 

A few points through "ме the curve passes in the first 
quadrani are 


Fia. 50. 


245 6 7 10 
y 0 15 22 29 46. 


The part of the locus which lies in the first quadrant may 
then be thought of as generated by a point which, starting at 
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(4, 0), gradually rises as it moves to the right, passes through 
the above points, and approaches nearer and nearer to the 
Straight line whose equation is y — ie (Fig. 50.) 

The complete 
locus is obtained 
from the part in 
the first quadrant 
by considerations 
of symmetry. 
(Fig. 51.) 

The curve is an. 
hyperbola, as will 
be proved later. 

The straight 
line to which the 
curve approaches indefinitely near as the point generating the 
curve recedes indefinitely is called an asymptote of the curve. 


ExAMPLE 3. To plot the locus of 


Fic. 51. 


_2@+1, -— | 
я ^ 2—3 а) 
Solving for 2 = Sut. . (2) 


(1) The locus is not symmetric with respect to either. coör- 
dinate axis or the origin. 

(2) Ifa=0, y=— 4; ify=0,2=—1. .*. the curve meets 
the axes in (0, — 4) and (— 1, 0). | 

(8) No real values of aiher variable make the other imagi- 
nary. 

(4) If s= 3, y y is infinite; if у= 2; x is infinite. 

(5) By атыш eq. (1) may be written 


2 | 3 
y= + = (3) 

" From this equation it follows that as x increases from a nu- 
merically large negative number to 3, y steadily decreases from 
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a value a little less than 2 to — æ. Аз x, increases through 3, 
y changes from — to +, and as 2 increases from 3, y steadily 
decreases and approaches the limiting value 2 when a becomes 
infinite. 


ШШШ ЫИ КАИН EO LE ЕШ ИШ 


иш 


The following points are on the locus: 
2—5 —3 —2 0 1 2 4 6 10, 
y $ € $ -§ -$ -5 9 y 3 
The curve may then be sketched as in Fig. 52. The lines 
æ= 3 and y= 2 are asymptotes of the curve. 
ExAMPLE 4. To plot the locus of | 
| |y-—c(z--1)(z--2).- 
(1) The locus is not symmetric with respect w either co- 
‘ordinate axis or the origin. 
(2) The locus meets the axes in (0, 0), (—1, 0), and (—2, 0). 
(8) No real values of either variable make the oes imagi- 
nary. 
(4) No finite value of either variable makes the бшер in- 
finite. 
(5) Let x take a numerically large negative value; then y is 
numerically large, but negative. Аз 2 increases from the value 
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assigned toward — 2, each of thé factors of y remains negative, 
but decreases in numerical value; y therefore remains nega- 
tive, but decreases in numerical value until z == — 2, when y — 0. 
As æ passes through the value — 2, the factor +2 changes 
: Sign and becomes positive, the other 
factors of y remaining negative in 
sign until z——1; therefore y is. 
positive for all values of-# between 
—2 and —1. Аз passes through 
— 1, y passes through 0 and remains 
negative for all values of 2 between 
—1 апа 0. Аз x increases through 
0, у again becomes positive and 
steadily increases as 2 increases and 
becomes infinite when z becomes in- 
finite. 

. The locus may then be generated 
by a point which, starting indefi- 
nitely far to the left and below the 
origin, steadily rises as it moves to the right until, after cross- 
ing the z axis at (— 2, 0), it turns at some value of a between 
— 2 and —1, descends to cross the a-axis at (—1, 0), turns 
again at some value of 2 between —1 and 0 and ascends to 
cross the a-axis at (0, 0), and continually thereafter moves to 
the right and upward, receding indefinitely from both axes. 

The following points are on the curve: 


@ HO 26. at 3-2 = 


у — 886 —120 —24 —6 0 i 
æ —1 — i 0 1 2 6, 
y 0 — $ EU 6 24 886. 


The curve is shown in Fig. 53. 
ExawPLE 5. To plot the locus of 


yf == (ж +2) (2 — 1) (z— 3). 


(1) The locus is symmetric with respect to the x-axis, 
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(2) The locus crosses the x-axis at (— 2, 0), (1, 0), (3, 0), 
and the y-axis at (0, + V6) and (0, — V6). 

(3) If æ is less than —2, or is between 1 and 3, y is 
imaginary. 
(4) No finite value of either variable makes the other 


infinite. 


(5) Since j* = 0 when x= —2 und when х= 1, iudi is posi- 
tive for all values of 2 between —2 


et ppt and 1, therefore as cz increases from 
} —2 to 1, the positive value of y must 
Йй ЖЕНЕ aA лш сс S 
rT TTL? increase from 0 when x=—2 an 
PT TT tl then decrease to 0 when æ= 1.* 
Het As х increases from 1 to 3, у? is 
TARNE negative; y is imaginary. 

DEERE As z increases from 3, y* becomes 
пасва and remains positive and steadily in- 
-A HA- creases as 2 increases. The positive 
CTI value of y, therefore, increases as 2 
E E p increases from 3.. 

HHH (6) When z becomes infinite, y be- 
BEBBEN comes infinite. | 
ШШШ ШЕЕ The curve then consists of a closed 


portion between z = — 2and х = 1, and 
an infinite branch to the right of 2 = 3. 


The following pon are on the curve: 


2—2 —$ 


013 4 5 6 т 1, 


y 0 £24 +28 i25 0 045.5 47.5 +11 + 14.74 27. 
`. The curve is shown in Fig. 54. 


* At present the student has no means of telling that y does not change 

‚ from increasing to decreasing and from decreasing to increasing several 
times as х increases from — 2 to 1 ; nor of telling where a change of this kind 
takes place. The investigation of guch questions will be the subject of a later 


chapter. 
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EXERCISE XVII 


Discuss the following equations and plot the curves : 


1. жу=4. 2. у= 42. 3. у= — 2. 4. у= — 22. 
Б. y=. 6. у=х(х— 8). Т. y= 8. y — (z-F5)xz(x —3). 
9. #+44=4. 10. y!—4g?—4. 11. yjic4-zh + 
12. y2=x8, 13. y = 23. 14. (5+2) (y x3) — 1. 
| 1 zl 
; . у=42? а 16. =-= ——. 
15. y 42? + 4 | 37273 
17. x?y? = 4. f 18. y2=(x—1)(x—3)(x —6). 
i 1 
. Y= (2 —1)?(x —2). 0. y — ——————— 
19. y = (z— 1)?(x -2) 20. у c4) 
oloym—— HER 92, у= (2+ 2)(2 — 5), 
= UDE = @+ 1)(2—3) 
с _2(2 +8) (2 — 2) 
23. у= = х : 24. pv = а constant. 
me VE (a1) 4) я 
25. pol? = 6. 26. v = 324. 
27. s — 108, 28, y-2=—1., 
x—3 


29. A light is placed at a distance A ft. above a plane surface. 
Given that the illumination of the plane at any point varies inversely 
as the square of the distance from the light, and directly as the cosine of 
the angle between the incident rays and the perpendicular to the plane; 
prove that the illumination at a point in the plane at a distance z from 
the foot of the perpendicular from the light to the plane is given by - 


Ch 


(22 + л)? 
Plot the curves for h = 20 ft., 80 ft., and 40 ft. 


I= , Where С is a constant, 


CHAPTER V 


TRANSFORMATION OF COORDINATES 


51. Change of axes. The coordinates of a point in the plane 
depend upon the position of the axes to which the coórdinates 
are referred. | | 

A change of axes will change the codrdinates. The equa- 
tions ee the codrdinates of any point in the plane with 
the codrdinates of the same point 
when referred to another system 
will next be derived for certain 
changes of axes. - 


52. Translation of axes. Assume 
а set of axes OX and OY and a 
second set O'X' and O'Y' parallel 
respectively to the first axes. Let 
O' referred to ОХ and OF be (h, К). 

Take any point P in the plane 
and let its coórdinates referred to ОХ and OY be гала y, and 
referred to O'X' and O'Y! be a! and y'. Then (see Fig. 55), 


а= МР, #=N'P, h= NN", 
y= MP, _y'=M'P, k= ММ'. 


Юа. 55. 


Now Е | NP=NN'+ N'P, 
and MP = ММ'+ М'Р, 
or ы. A a — hat. 

| y=kt+y’. 


This transformation from one set of axes to the other is 


called “Translation of the axes.” 
| 64 
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53. Rotation of axes. Let the rectangular axes OX' and OY' 
make an angle @ with OX and OY respectively. Let any point 
Р have coérdinates (x, y) referred to OX and OY, and (2, y!) 
referred to OX' and OY'. Let OP=r and 2 X'OP= 4". 
Then Z XOP= 4' + 6. 

Then, Fig. 56, 


Fra. 56. 


!zzT сов ф', 
y'—rsin ф', 
ж == т cos (ф' +6), 
y —rsin($' + 0). 
Expanding the last two equations, 
æ= ғ cos $' cos  — r sin ф' sin 6, - 
| у==т соз ф' віп 0 +r sin ф' cos 6, 
от Ex ж = ж eos 0 — y! sin 0, 
| y =x' sind + y' cos 0. 
: These equations hold for any point in the plane. They ex- 
press х and y in terms of z' and у". | 
To express а and у' in terms of z and y, these equations may 
be solved for z' and y’, or the equations may be derived as- 
follows: 
In Fig. 56, let Z XOP= 4, 
then — — C æ= r cos ф, 
^^ y=rsing, 
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a! = т cos ($ — 0) = r cos ф cos + r sin ф sin 6, 
yere 0) =r sin $ соз 0 — r cos ф sin6,' 
or æ == ж cos 0 + y sin 6, 
| y! = y cos Ө — ж sin 0. 


This transformation from one set of axes to the other is 
known as “ Rotation of the axes.” 


54. Applications. The formulas of translation and rotation 
of axes may be used to simplify equations, thereby making the 
construction and classification of the loci easier. 


ExaWwrPLE 1. Consider the equation - 
12 x? — 48 z - 3 y* 4-6 y —13. 

Let the axes be translated to a new origin (h, E the formu- 

las for which are 
g-z-oh, y=y'+k. 
Substituting these values in the equation, it becomes - 
12 2 -- 3 y? 4- (24 а — 48)a' + (6 k 4-6) y' --12 1-3 1 —48 А 
| +6k—13=0. 

The quantities A and Е may have any real values assigned to 
them. If they be so chosen that the terms of first degree in 
2' and y' drop out of the equation, the equation will be simpli- 


fied and the locus will be symmetrie with respect to the axes 
О'Х' and O'Y', To accomplish this it is only necessary to let 


24 À — 48 = 0, 
i 6k+6=0, 
from which- © h=2, k=-1. 


The equation then becomes 
12 x? +3 y? = 64. 


This, then, i is the equation of the locus referred to the axes 
OX' and О'Ү". 
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The equation is now easily discussed and the locus plotted. 
Fig. 57 shows the locus and both sets of axes. 
The student should discuss and 
plot the locus. 
ExAMPLE 2. 
y—8y+424+6=0. 
Translate the axes to the new 
origin (A, k) by means of 
ggg th, у= + К. 
The transformed equation is - 
y? 4-2 ky! +e —8 y! —8 k -- Aa! 
+4h+6=0. 
Here it is not possible to choose h 
and Ё so that the terms of first de- 
gree in z' and у' will drop out, since - 
the coefficient of z' is 4. They can, Бө, be so chosen that 
the term in y' and the constant term will drop out. To ac- 
complish this it is only necessary to let 
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2k—8-0, 


and k&* —8k--4^-- 6-0 
from which k=4, h= $. 
The equation then be- 
comes 
y? -- 4@ — 0. 
The locus is now easily 
constructed. (Fig. 58.) 


EXAMPLE 3. | 
11a*+ 24ay+4y?=20. (1) 
In equations of this 
form, i.e. equations of 


second бло in æ and у containing a term in the product zy, 
the term in zy may be made to drop out by a rotation of axes. 


Fie. 58. 
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Let æ= a! cos 0 — у! sin б, 
y == ж! sin 0 + y' cos б. 
Substituting in eq. (1), ` | | | 
11 (2 cos 0 — у' sin 6)? + 24 (2' cos 0 — у' sin 6) (z' sin 0 + y! cos 0) 
| | | +4 (@' зїп 0 + у' соз 0)#= 20. — (2) 
Expanding and collecting, | 
| 11 cos? 0|2/? — 22 sin 0 cos 0 | x'y! -- 11 sin? 0 y^—20. (3) 


+24cos@sin@| + 24 cos?0 —24 sin cos ô 
+4 sin? 0 — 24 віп? 0 + 4 cos? 6 


+ 8 sin 0 cos 0 


It is now possible to choose 0 so that the coefficient of 27! 
will become zero; for it is only necessary to have ' . 


24 (cos? 0 — sin? 6) = 14 sin 0 cos 6, 


oS n. . 24c0526—7 sin 28, 
or | {ап 20 = 34. . T (4) 


"To satisfy eq. (4), let 20 be the angle in the first quadrant 
whose tangent is 24. Draw the right triangle with sides 24 
| and 7 as in Fig. 59. The hypotenuse is then 25. 

. sin 26 = 34, cos 20 = 5. 
Now sin? 0 = 4 (1 — cos 2 6), cos? 0 = 4 (1 + cos 2 0), 
and | | ~ 2 & & 
Sin б cos @={ sin 26. 
?5| |24. sin? 0 S, cos? 0 = 1%, sin 0 cos 6 = 32. 
Substituting these values in eq. (3) and dividing the 


I~ resulting equation through by 125, there results 
1 42 — у са 4, 


Fra. 59. a | 
; Referred to the new axes the locus is much more 


easily constructed. The discussion of the equation is very 
similar to that of example 2, Art. 50. 
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A 
Ега. 60. 
- The locus and both sets of axes are shown in Fig. 60. 
- The angle through which the axes are turned is ќап-! $. 


EXERCISE XVIII 


Simplify the following equations by a translation of axes to remove 
the terms of first degree where possible, and by a rotation of axes to re- 
move the terms in zy. Plot the curves and all coórdinate axes. | 


1. 22 6х +40? +-8у = 5. 
. 422—402 +5 — у = 0. 
‚ 4й#+—19@+9у—29=0. 
e+yr—4e4+2y—11=0. 
#—6у+- 8:4. | 
222 — 6y2 + ху – 5х +11у=8.` 
а лу +y2—-12242y=3. 
. q9—2y—249y9—x—4y—2z0. 
1 84%-+2ху-+8у%=8. = 

жу —4. ы 


© © DD «т Pm © юы 


= 
e 


CHAPTER VI 
THE STRAIGHT LINE © 


55. Theorem.: Every straight line has an equation of first 
degree in Cartesian coürdinates. 

Two eases are to be considered : 

(1) The line parallel to a coórdinate axis. If the line is 
parallel to the z-axis, then all points of the line have equal 
ordinates. .'. у = с, where с 
is a constant, is true for all 
points of the line and for no 
others. It is therefore the 
equation of the line. 

_ Likewise, a line parallel to 
the y-axis has an ‘equation of 
the form == с. 

(2) The line not parallel to 
an axis. 

Let the line cut the yaxis 


Fra. 61. 


at N(0, b). | 
Let P(x, y) be any point of the йө "Through P draw PM 
parallel to the z-axis to meet the y-axis in М. Then as P 


moves along the line, the ratio a will remain unchanged. 


For if P’ is any other point of the line, then, by similar tri- 
angles, 


MN M'N, 
СРМ PM 
Let this constant ratio be denoted byin т. . 
| МҸ 
Th —— = 
en PM" 


is true for all points on the line, and for no others. 
70 
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From the figure the values of MN and PM are seen to be 
b—y and 0—a respectively. Therefore 


-b — . 
E 
or у = ma --b. 


This is therefore the equation of 
the line. It is of first degree in 
х and y. . 

For a line passing 2; rough the ` 
origin, the value of b is zero, and 
the equation becomes 


‚ У = та. 

The relation between the lines . 

y = тх and у= mz--b із shown 
in Fig. 62. 

It is important to notice that if 


Fia. 62. 


the axes are rectangular, the constant ratio m, or ИХ; із шо 


slope of the line. 


56. The equation of first degree. Conversely, every equation 
of first degree in Cartesian coordinates, with real coefficients, is 
the equation of a straight line. —— 

The general equation of first degree is of the form 


Az + By + C = 0. ' (1) 
Here again two cases are to be considered : 


(1) When either A or B is zero. Suppose 44-0. . Then 
B+ 0, and the equation may be written 


E. ET 
I=~3B 


This equation is evidently satisfied by all points on a eee 
parallel to the a-axis, and by no others. 
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. Likewise, if B= 0, the eee represents a straight line 
parallel to the y-axis. Jä 
(2) When neither A nor B is zero. Solve the equation for 
y . : 


Now this is of the same form as _ 
| у= ma +b, 


which was found in the preceding article to be the equation 
of a straight line, and since a straight line can be drawn so 
that m and b will have any assigned real values, a line can be 


C A 
'drawn so that = gu Mme me 1 Then ym 22-6, 
or Ax +. By 4- 0 — 0, is the equation of this line. | 
Hence — | А: + By+C=0 


is the equation of a straight line. - 

. The proofs given in this and the preceding article hold for 
oblique as well as for rectangular eoórdinates. It is only in 
rectangular coórdinates, however, that m is the коре of the 
line. 


. 94. The Sonditiuns РР determine : а quem line. ‘The 
position of a straight line is determined when there are known 
either, | 

(1) Two points on the line, | 

: (2) A point on the line and the direction of the line, 

(3) The length and divgotion of a perpendicular from a fixed 
point to the Пре. · | 

Considerations of these ойна lead to the following 
special forms of the equation of the straight line. 


58. The two-point equation. Let Р, (xy уу) and Р, (2, уз) be 
any two points. To find the equation of the straight line 
through them. ` У NA. - X4. 4 
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Let P(z, y) be any point on the line. Through P, draw a 
line parallel to the y-axis to meet lines parallel to the z-axis 
through P and Р, in Мапа - 
М, respectively. Then by sim- : 
ilar triangles, ` 


МР, МР 
‚ МР, М.Р, 


wnich is the same аз 


Y—Yı _ 0 — 1 
0: — Yı 2а — 01° 


This equation holds for Ета. 63. 
every point on the line, and | 
for no others. It is, therefore, the equation of the line. . 


' 59. The intercept equation. In the last article let the two 
given points be (a, 0) and (0, b). The equation then becomes 
y—0 2a, | 
y—-b x—0 


Clearing of fractions, transposing, 
and dividing by ab, the equation re- 


s Y 
duces to zt. 1. 


This is known as the intercept equa- 
: tion of the line, since a and b are the 
intercepts of the line on the coórdinate 
axes. 
In this шабын neither а nor b can be zero. 


60. The point-slope equation. Let the line pass through 
Р, (25, уу) and have а slope m. Let P(x, y) be xd point on the 


line. The slope of the line joining P,a and Pi is 7—0, which 
by hypothesis is equal to m. v 
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| Yh 
is an equation which holds for. all polites on the line and for no 
others. It is, therefore, the equation of the line. 


Ето. 65. . ' . "m 
Clearing of fractions, it may be written | 
д ст © Y—y=m(x — ду). 


: This equation does not apply to a ЕШР line n to 
the yaris, for which m is infinite. 


61. The slope equation. If in the last article the given point 
is s (0, b), the equation reduces to 


y= ma + b, 
which is the slope equation already eonsidered. (Art. 5) 


62. The normal equation. Let the distance from the origin 
to the straight line be p, and let the angle which this perpen- 
dicular makes with the z-axis be a. The quantity p will be 
considered positive always. 

Let H be the foot of the perpendicular from the origin to 
the line. The codrdinates of H are then р созо and p sin «. 
The slope of OH is tan a. агыш the slope of the given. 
line is – собо. ` 

‚ Hence the line passes through (ре бов 8 a, P sin L2 and has а 
slope equal to — cot a a А 
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The equation of the line is therefore, by Art. 60, . 


y —p sin «=— cot «(x — р cos a). 


| Го. 66. | 


ыш or, clear of fractions, and transpose; the 
пй ) 


| Replaces cot æ D 
equation then pu. 
. асова +y sing — р (cos? æ + sin? a) = =0, 


от c’ DUNS yaa p= 0. 
63. Reduction of Ax + By+ C= =0 to the slope intercept, 
and normal forms. The equation As + By+C=0 may be 
reduced to the slope, intercept, and normal forms as follows: 
(a) To reduce Az + By + C=0 to the slope form. Solve the 
equation for y There results 


+ 


СААЙ Ж A С 
which із in the form y = ma + b, aee mc ne 


The method fails when B= 0. The equation cannot then be 
put in the slope form: 

(b) To reduce Axr+By+C=0 to the. intercept form. 
Transpose C to the right-hand side of the equation, and divide 
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by — C; the resulting equation may be written 


Lg ue 
A B 
which is in Vie form Ti 1, where а=, b=- 


The method fails if either А, B, or Cis zero. If C=0, both 
intercepts are zero. If either А or 
B is zero, the line is parallel to an 
axis of coórdinates. 
(с) To reduce 42 4 By+C=0 
to the normal form. 

Let wcosa+ysina—p= 0 be 
the normal equation of the line. 
The foot of the perpendicular from. 
the. origin to the line is then 
(р соз а, psin«). The coórdinates 
of this point must жо Ше equation Ax + By + C=0. 


“Ap cos а + Bpsina+ C= 0. (1) 


Also the slope of the кран is the negative reciprocal 
of the slope of the line; 
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Pon ue naeh [See (a) of this article.] (2) 


A 
1 А E ‘A " 
, CoS @ = ——————— а 6 
| tvV1+tan?e ix va + В 
QA in e | 


В 
sin a = ——— ——— 
тулға 
Substituting these values of sin « and cos œ in (1), 
| C 


++ 
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Substituting these values of sin «, | cos ва, and pin the normal 
‘equation of the line, there results | 
pet Жж —— ИБАР" ыу ao | 
С^+у4+#_ +у4+ +у4+ 

"Hence, the equation of a line is reduced to the normal form by 
dividing the equation of the line through by the square root of the 
sum of the squares of the coefficients of x and y. The sign of the 
radical should be taken opponit to the age of C so that p will be 
positive. . 


‚ 64. Illustration. То reduce 2 a—4y+7=0 to the slope, 
intercept, and normal forms. 
(a) Solving for y brings the equation into the slope forin 


=}a+4, 
in which m=4, b= 1. 
| (6) Transposing the constant term, 7, and dividing by — 7, 
brings the equation into tne intercept form 


y _ 
—+#=1, 
ME тыт 
in which а=—$, Ь=1. 


(c) Dividing through by — V2? + 4 brings the equation into 
the normal form ` i 


2 7 
ve we" ave 
in which oda t. sin « = E NEC 
| vb vb 2v5 


65. Applications of the formulas. By the use of the formulas 
derived in this chapter the equations of straight lines which 
satisfy certain conditions can be easily found. 

ILLUSTRATIONS. 

(a) To find the equation of a straight line which passes 
through (3, — 5) and makes an angle of 30° with the z-axis. 
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' The slope of the required line is tan 30°, or ae: By BUD 


suain. in the equation. y— n= mG— æ) there results 


У+5 = 3), 
which reduces to 
УЗ 2 — 8y— 15 + 83, 
the required equation. | 
y To find the equation of the в line which passes 
through (—3, 1) and makes 
an angle of 60° with the line 
4a—9y=12. . | 
Let the angles which the 
given line and the required line 
make with the a-axis be 6, and 
0 respectively, and the slopes of 
these lines be m, and m re- 
MP п Then m,= tan б,, 
Кто. 68. | =tan 0.. But m,—4$, and 
| | 6— 6,+60°. (Fig. 68.) Е 
i "E — n: tan (6, + 60°) e 
| __ tan 6, + tan 60° 
7 1—tan ð, tan 60° 


_ $+ УЗ _4+9v3 
1_ n 9— 4v3 


144+ Т ? 

38 
Therefore the required equation is ` 
vestis 144 А 
38 
or approximately 
oy —12945(z + 3). 
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66. The point of intersection of two straight lines. Let the 
two lines whose equations are 


pool ' (1) 
and = Ag+ By + 0,= _ @ 


be denoted by L and L, respectively. In eq. (1) = and y 
may be the eoórdinates of any point on L, and in eq. (2) x 
and y may be the coórdinates of any point ор L, and hence 2 
and y in one equation are not the same in general 
as æ and y in the other. If, however, the lines 
intersect, there is one pair of values of z and y 
that satisfy both equations; namely, the coördi- 
nates of the point of intersection. Conversely, if : 
values of х and y can be found which satisfy both 
equations, they are the coórdinates of a point оь F!e 69. 
both lines, i.e. the point of intersection.. Therefore, to find the 
coérdinates of the point of intersection of two lines, solve the 
equations of the lines as simultaneous.: | О 
What if the lines are parallel? А 


ILLUSTRATION. 19 find the point of intersection of 
| 32+ 25у= 11 
апа | А 42 — 5 y= 7. 


giving the equations as дала the values of 2 and 
у ате found to be 2=3, y=1. Therefore the point of inter- 
section is (3, 1)...  . 

Let the student plot the lines and check n 


t ` EXERCISE XIX | 
Ву substituting i in the formulas write the equations of the straight 1 lines 
which satisfy the following given conditions: 
1. Passing through (2, 1) with slope — 2. 
2. Passing through (— 8, 7) and (2, — 5). 
3. With x- and y-intercepts 3 and — 8 respectively 
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With y-intercept 6 and slope 2. 

Passing through the origin with slope — $. 

. With a = 30? and p = 4. 
With p = 5 and m Ll. 

. Passing through (2, — 5) parallel to 9z-—y + 4= 0. 
Passing through (0, 0) perpendicular to az + бу + с = 0. 


оомо р Ф 


` 10. Passing through (21, y1) parallel to у = mg + b. 
11. With y-intercept b and perpendicular to Ax + Ву + C=0. 

12. Passing through (№, k) parallel to x cos 8 + y sin 8 = q. 

13. Passing through (e, f) parallel to lx + my + п = 0. 

14. Passing through the origin and perpendicular to gz + fy = c. 

Reduce, where possible, each of the following equations of straight 
lines to the intercept, slope, and normal forms, giving the values of a, b, 
m, æ, and p. | | 

15. Зх —4y = 5. 17. 25 —5y = 0. 19. y — 25 = 0. 

16. у +5 = 4. 18. —x+2y=9. 

20. Obtain the equation of the straight line which passes through 
(1, 2) and makes an angle of 60° with the line 2z — 5y = 8. 

21. Two lines, Lı and Le, intersect in (— 3, — 2); Éi has a y-inter- 
cept equal to — 6 and makes tan-1 3 with Lz; find the equations of the 
two lines. 

22. Find the equation of the straight line of slope = 4 which passes 
through the intersection of 2y — х = 5 and g — 3y =1. 

23. The vertices of a triangle are (1, 2), (4, — - 6), апа c 5, —3); 
find the equations of its sides. 

24. Find the equations of the бей from the vertices upon. 
the opposite sides of the triangle in example 23, and prove that they meet 
in a common point. 

25. Find the equations of the medians of the triangle in example 23, 
and prove that they meet in a common point. 

26. Find the equation of the line орви eh k) making tan-im with 
y =lx +b. 

27. A line passes through (2, 5) bad is distant 3 from the origin ; P find 
its equation. How many solutions ? 
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28. Show that Ах + By+0=0 
and Ax + Ву + K=0 
are. parallel, and that ~ 
Ax + By + C=0, 
and | | Bz— Ay K-0 
are perpendicular. 


29. What set of lines is Свева by varying 6 in the equation 
y=me+b6? What set of lines by varying m? 


30. Discuss the effect upon the line Ax + By + C= 0 of changing 
each of the constants, keeping the other two unchanged. 


31. Find the equation of a straight line which passes through the inter- 
section of 2% — y + 5 = 0 and x — 2y + 1 = 0, and makes ап Mete of 45? 
yii y-2z. 


32. Prove that ах + by + c-r k(iz + my + п) = 0 із the equation of a 
straight line which passes through the intersection of ax + by + c = 0 and 
la+my+n=0. What is the effect on the line of varying k? 


33. Using the fact expressed in example 32, find the equation of the 
straight line which passes through (3, —1) and the intersection of 
2e+4y—7=0 and 7x – 2y +13 = 0, by determining the proper value 
of k. ; 


34. Find the equation of the straight line which passes thrøugh the 
intersection of x + 38y —7 =0 and у —8z = 2, and makes ап angle of 
135° with the x-axis. | 


35. Find the equation of the straight line which passes through 
the intersection of 2% — 9y = 18 and 7y 4-62 = 21, and is parallel to 
4х +6у – 3 = 0. 


36. Find the equation of the straight line perpendicular to Зу=Т7х 
which passes through the intersection of x + 2y = 8 and 4ж= 13y. | 


67. Change of sign of Az-FBy-FC. The expression 
Ах + Ву + С із positive for all points on one side of the line 
Ax + By + C —0, and is negative for all points on the other side 
of the line. 


Proor. I. Suppose B0. The line is then not parallel to 
the y-axis. Let L be the line whose equation is Ax+ By + C0. 
М | 


82 ANALYTIC GEOMETRY 


For all points on this line 
= А С. 
9)—7B^ B pgs 
Let (ж, у) be any point above the line. Since y, is greater 
than the ordinate of the point 
on the line with abscissa s it 
follows that 
A, C 
Yı n> p^ Б? 


ог „+ а+9>0. 


This is true, then, for any 
point above the line. There- 
fore, for all points above the line, ` 


| An, + By+O>0, if B>0, 
and = Ax, + By, + C<0, if В < 0. 


Fic. 70. 


In either case the expression has the same sign for all points 
above the line. 

If the point is taken below the line, the РИ are all 
reversed. Hence the expression has the same sign for all 
points below the line, but that sign is opposite to the sign of 
the expression for points above the line. 

II. Suppose B=0. Then A+0. The expression becomes 
Ах + О, and the equation of the line becomes Ax+C=0. 


The line is parallel to the y-axis. . On this linez — — ©. То 
the left of the line x< -S, and to the right of the line 


x >—©. Therefore Ах + C has the same sign for all points 


on one side of the line and has the opposite sign for all points 
on the opposite side of the line. Hence the theorem is true 
in all cases. | . PV 
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Ап M porta special ease of this theorem is the following: 
The sign of the expression Ах + Ву + C is the same as, or 
opposite to, the sign of C according as the point (x, у) and the. 
origin are on the same, or opposite, sides of the line Ax + By 4- C —0. 
This follows at once from the theorem, since the value of the 
expression 42 + By + C is О when the coórdinates of the origin 
are substituted. If C=0 and A+0, the student can easily 
show that the sign of Ах + By is the same as, or opposite to, 
the sign of 4, iR as (x, y) lies to the PE or left of the 
line Az + Ву = 


68. Illustration. The expression 32-7 y — 8 has the value 
2 at (1, 1), which is opposite in sign to C, or — 8.. Hence 
a, 2i and the origin are on opposite sides of the line 
32+T7y—8=0. 


| т the expression 32+ 7 y — 8 has the value — 1 at (2, p 
which is the same in sign as — 8. Hence (2, 1) and the origin 
are on the same side of the line32z +7 y — 8 = 0. 


69. Distance from a point to a line. А аена example 
will be first worked through. Let it be required to find the 
distance from (6, — 8) to the . 
line 3a—5y=7. - 

Transform to parallel axes 
through the given point 
(6, — 3), as a new origin, the 
equations of transformation 
for which are 


e=o'+6, y=y'—3. 
Substituting these values in 
the equation of the ше it 
becomes 


3a ve! — 5 y' +26 — 0, 
which i is the equation of the line referred to the new axes. 
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` The distance from the new origin to dhe line is given by the 
formula | 


>= тур UP EE LE 
which here becomes 
26 
p= = 4.46 near] 
v34 б 7 


70. General formula for the distance from a point to a line. 
Let the given point be Р, (20, Yo), and the given line 


Az + By+ C= 0. 


Transform to parallel axes through P, as a new origin, for 
which the formulas of transformation 
are | 

v=r +t, y yd y. 
The equation of the line referred to 
the new axes is then 


A(z! +a) + B(/ + yo) + С=0, 
or А + Ву + Ax + By + C=0. 
In this equation z' and y' are the vari- 
able coórdinates, and the constant 

кто. СЯ | term of the equation is Aæ% + By, + C. 
Therefore the distance, d, from the new origin to the line is: 
а = Axo + Byo + €. 

+V 424+ Bi. 


This distance will һе regarded as a positive quantity. The 
sign of the radical must therefore be taken the same as the 
sign of 42+ By, + C. · But Ax + By, + С has the same sign 
as C when (£o у) and the origin are on the same side of the 
line Ax + Ву + C— 0, and has the opposite sign to С when 
(2, Yo) and the origin are on opposite sides of the line (Art. 67). 
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Therefore the sign to be taken with the radical is the same as 
the sign of C when (a, уу) and the origin are оп the same side 
of Ax + By + С = 0, and opposite to the sign of С when б Yo) 
and the origin are on opposite sides of the line. 

If C —0, the sign to be taken with the radical is the same as 
ог opposite to the sign of A according as (ay yo) lies to the 
right or left of the line Av + By = 0. 


mor EXERCISE ХХ | 

1. Find the distance from the point (3, — 5) to the line 74 — 5 у = 18. 

2. Find the distance from the intersection of 2z—9 y —8 and 
—by—4z-12tox—6-6y. ~ 

8. 'The vertices of a triangle are A(1, 4), B(-3 8, — 5), and C(6, — 1); 
find the area by finding the lengths of АВ and the altitude from 
C to AB. . Check by using the formula for the area of a triangle. (See 
Art. 86.) . | 

4. The equations of the sides of a ore are х 4 4y—-7= 0, 
8z-4-y-F1-—0,and2y —52--- 18 = 0; find the area of the triangle by 
finding the length of one side and the length of the perpendicular from 
the opposite vertex to that side. Check by using the formula for the © 
area of a triangle. (See Art. 86.) os 

Б. Find the distance from the intersection of 2x» —5y —3 and 
82 +y + 18 = 0 to the line through (— $, 4) and (0, — 8). 

6. Find the distance from (9, — 1) to the line through the origin with 
slope — 4. 

7. Find the distance from (2, у) to y = ma + b. 

8. Find the distance from (xo, yo) to x cos a + y sina = р. 

9. Find the equations of the bisectors of the angles formed by the two 
lines 2% +y —7 =0 and 4%—3y —5=0. Show by their slopes that 
the bisectors are perpendicular to each other. 

Sucarsri0N. The distances from (х0, уо) to 2xz--y —7-—0 and 
4 x — 3y — 5 = 0 are, respectively, 
| 2%0+Y0-7 ona 4zo—3yo— b. - 

+ v5 + v25 
Now the bisector of an angle is the locus of points equidistant from the 
sides of the angle, Hence to obtain the equation of the bisector, place 
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the above values for the distances equal to each other and remove the 
subscripts to indicate variable coórdinates. The proper signs of the 
radicals must be chosen, as explained i in Art. 70. 


10. The three sides of a triangle have the equations 82—4y= 1, 
5ua+12y4+8=0, and 4х +85 — 12 = 0; find the equations of the three 
inner bisectors of the angles, and show by their equations that they meet 
in a point. І 

11. Find the equations of the three, outer bisectors of the angles of | 

г the triangle of example 10, and prove by their equations that two of the 
outer bisectors and the inner bisector of the remaining angle meet in à 
‘common point. 


E ido of the straight line in polar coordinates. 

(i) Equation of the straight line through two points. Let 
Pn, 0) and Р,(» 0,) be any two points in the plane. To 
find the equation of the straight line passing through them. 
Let PN б) be a pou on the line as shown i in Fig. 73. 


Then area ОР,Р,= =area OP,P + area OPP, 
I.e. lrr,sin(0,— 0) = 4 тт, sin (0 — 0,) + 1 77, sin (8, — 6), 
Or rira Sin (0, — 0.) + yr sin (0 — 62) + rr, sin (0, — 6) = 0. 


This equation holds for any position of P on the line be- 
tween Р, and P, If P be so taken that Р, lies between Р and 
P, the equation that holds can be obtained from the above 
equation by interchanging r 
and т», and д and 0, But this 
interchange only changes the 
sign of the left member of the 
equation, and since the right 
,.R member is zero, the equation it- 

self is unchanged. If P be so. 
taken that Р, lies between P and P, it may be shown in the 
same way that the same equation holds. Hence the above 
equation holds for all points on the line, and clearly ЮЕ по 
others, and is therefore the equation of the line. 


Ето. 73. 
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The same equation may be derived at once by equating to 
zero the area of the triangle whose vertices are P, P, and P} 
(See Art. 87.) 


(и) Equation of a straight line in terms of the length of the 
perpendieular from the origin to the line and the angle which 
this perpendicular makes with the initial line. 

Let the perpendicular from the origin to the line be of 
length p, and make an angle « with 
the initial line. Let P(r, 0) be a 
point on the line. Then (Fig. 74) 
т соз (2—6)=p. Since cos (— A) 
= cos A, this may be written - 

r cos (8 — a) = p. | Fro. 74. 


The student should show that this equation holds for all 
points on the line. 


EXERCISE XXI 
Write the equation of the line through (2, 30*) and (1, 60°). 


Draw the line whose equation is r cos (0 — 60?) — 5. 


Draw the line whose equation is r sin 0 = 4. 


e crue m 


Find the intersection of the lines r cos 0 — 8, and r sin 0 — 4. 

5. Find the intersection of the lines r cos [0 — зір-1 (3)] —2, and 
r cos [0 — сов-1 (3,)] = 4. 

6. Derive the equation т сов (0 — a) =p by substituting in 
€ сов & + y віп œ = p, the values х = r cos 6, у = т sin б. 


7. Derive the equation of the straight line through two points i in pour 
courdinates by substituting in 


y—9n r:— n. 
yz—9y1 22—21 


the values æ% = f сов 0, у —rsin& 


CHAPTER VII 


STANDARD EQUATIONS OF SECOND DEGREE 
CIRCLE, PARABOLA, ELLIPSE, HYPERBOLA | 


72. The circle. The equation of a circle of radius т and 
center at (h, k) is- | 


(ж — h} + (у – k} = 


Proor. Denote the center by C. Let P(z, у) be any point 
on the circle. The condition that 
P is on the circle is expressed 
_ by the equation | 
f : CP=r. 


In terms of the coórdinates of the 
points it becomes 


(2+ -k= 
which is therefore the equation of 
the circle, for it is an equation 
which is satisfied by all points on 
the circle and by no others. 
Es the center i is at the origin, the equation reduces to 


Fic. 75. 


73. The equation а? фу? = +Ey+F=0. (1) 


An equation of this form, by completing the square.in the 
terms ы х and in those containing y, сап be thrown 
‚ 88 
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into the form of the equation of the preceding article as 


follows: 
р? Е? 


Add. = TANE — F to both sides of eq. (1). The result is 
Pe Dee ey zy EL DEP 
or (e+ 2j 5+2) DELE А (2) 


Now, if D? + E*—4 Р із positive, eq. (2) is, by the preceding 


article, the equation of a circle with center at (- 2 Я =o) and 


radius equal to IVD + E!—A4 Е. 
If D+ E* —4F —0, eq. (2), and hence eq. (1), is satisfied 


by x = -2 ‚у= = only; for the sum of two terms, neither 
of which is negative, can vanish only when the terms vanish 
separately. 


If 27+ E?—4 F « 0, eq. (2), and hence eq. (1), is satisfied 
by no real values of z and y: for the sum of two quantities, 
neither of which is negative, cannot equal a negative quantity. 

Hence the equation . 


+ yh Ра Ey + F-0 
represents 


(1) a circle, center at (- = z) radius = 1 v D! + E*— 4 F, 


2 
жр т>, 

(2)  poin(—5, -3) if DE L4 F-O, 
(3) no locus, if D+ E'— аР <0. 


74. The equation of | a circle through three АРЕ The 
equation of a circle through three given points, not in the 
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same straight line, can be found by use of the equation of the 
preceding article as is illustrated by the following example: 


ExaMPLE. То find the equation of a girole шн (2, 1), 
(— 1, 3), апа (— 3, — 4). 
The equation of the required circle is of the form 


+y + Dx + Ey + F=0. © D 
The coördinates of each of the given points must satisfy this 
equation. Therefore . 
5+2р+ H+ F=0, 
10— D+3E+F=0, 
25—3 D-—4E+F=0. 


The alba of D, E,and F, obtained by solving these equa- 
tions, are — D=13, Е=}, Е = — 58. 

Е Substituting these ет іп ед. (1) 
and clearing of fractions, the ге- 
“quired equation of the circle is 

5(a?+ y?) +13 z--7 y—58=0. 

. Using the formulas of Art. 73, 

the center and radius of the circle 
are found to be (—1.3, —.7) and 
peo... 

А check on the work is obtained 
by plotting the points and drawing 
the circle with center and radius as computed. (Fig. 76.) 


Y 


[Y 
[| 
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B 
| | 
a 
Ш 
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a 
E 
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| EXERCISE XXII 
Find the centers and radii of the circles represented by the following 
equations. Draw the figures. 
1. x14 y? = 25. 2. зї фу 42+ 65у —12. 
3. a+ y? +82 — ву = 0. 4. 222 42y — y +82 = 11. | 
Б. (z— 1)2 + (у + 2)? = 0. 6. (x — А)2 + (y-k) = 0. 
7. иё +10 + и 4-0 = 0. 8. 22 +245 + 6у + 14 = 0. 
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9. 24+y%—4246y—18=0. 10. 22 – 2 ах + у = 0. 

11. 22 — 2 ах + у? —2 ау = 0. 12. x? + y — ах — by = 0. 

Find the equations of circles which fulfill the following conditions: 

13. Center at (— 1, 8), radius = 2. 

14. Center at (a, 0), radius = a. | 

15. Center at the intersection of y+4%+1=0 and 2z— у+5 = 0, 
and passing through (2, — 8). | . 

16. Center at (2, 5) and tangent to 3 --4y = 11. 

17. Center on the line y = 2 x and passing through (0, 5) and (в, 1). 

18. Passing through (0, 2), (— 1, 3), and (5, 0). 

19. Circumscribing the triangle whose sides are 5x+3y—14=0, 
4x—38y+5=0, апа х +65 +8 = 0. : 


20. Inscribed in the triangle whose sides are бх 4 12у — 2- 0, 
4®+8у+5=0, апа 8x—4y —15—0. 


21. Tangent internally to the first two sides of the triangle mentioned 
in example 20, and tangent externally to the other side, . 


22. Prove that if Р, (2х1, ул) is any point without the circle 
`(®— №)2 + (у— Е)? – = 0, 
and T'is the point of contact of a tangent drawn from Р; to the circle, 
then, P,T? = (zy №)? + (у — Ё)%— 
23. Show that if the equation of the circle of example 22 is 
€? +y + Dz + Ey + F=0, 
then, © РүТ%=ж%+ у? + Da + Ер + F. 
24. Prove that the locus of points from which ета tangenta m be 
drawn to 
а? +y? + Dix + Ey + Fi = 0, 
and _ 2? + y? + Dox + Ezy + F2—0, 
is the straight line — | { 
(Di- D2)x + (n — Ey + F— Е = 0, 
or, in case the circles intersect, is that portion of the line not inside of the 
circles. 
` This line is called the radical axis of the two circles. 


25. Show that if two circles intersect, their radical axis passes through 
their points of intersection. 
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26. Find the equations of the radical axes of the circles of examples 1, 2, 
and 3, and prove that they meet in a point, 


27. Prove that the three radical axes of any three circles taken in 
pairs meet in a common point. 


28. Prove that the radical axis of two circles is perpendicular to their 
line of centers, | | | . 
75. The parabola. The parabola is the locus of a point 
which moves so as to keep equidistant from a fixed point and 
a fixed straight line. 
The fixed point is called the focus, the fixed straight line the 
directrix, of the parabola. 
х To obtain the equation of the parabola, let, at first, the direc- 
trix be taken as the axis of y and the focus at the point ( p, 0). 
Let P(a, y) be any point on the locus. Join P and F(p, 0), 
and draw MP parallel to the a-axis to meet the y-axis in M. 
Then the condition that P is the point on the locus is expressed 
by the equation 
ЕР = МР, if MP is positive, and by 
FP = — MP, if MP is negative. : 


Fic. т. 


Evidently MP is positive or negative according as (р, 0) lies 
to the right or the left of the oriei, i.e. according as p is posi- 
tive or negative. ; 


Now FP-vy (2—py- y, | 
апа МР = &. Б | . 
os væ- p} +y =x if p>0, | (1) 


and. V(a—pj+y=—a,ifp<0 | -  @) 
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Squaring and transposing, either of these equations becomes 


y! = 2 рл — p°. | (3)* 
This equation may be written | | , 
=2р( =? \. 
ў=2р (= 5) 


Let the axes be translated to g 0) as a new origin. The 
formulas of transformation are 
| а='+, у = у'. 
The equation of the parabola referred to the. new axes is, 


therefore, 
y^-2pxX. — се @ 


| y=? р. К. _ @) 
is therefore the equation of a parabola when the y-axis is paral- 
lel to the directrix through a point halfway between the focus 
and directrix, the x-axis passes through the focus and is per- 


pendicular to the directrix, and the focus is at G 0). 


Dropping. primes, 


It is important to note that in eq. (5) the abscissas of points 
on the parabola vary as the square of the ordinates. 


76. The graph of y*—2 ра. 
I. р positive. 


* Equation (8) is not equivalent to both eqs. (1) and (2), but only to 
(1) if p is positive, and to (2) if p is negative. For on retracing the steps 
from (3) the eq. V (х — p)? + y? = + ж is obtained. Now the + sign can 
only be used when z is positive, since the radical is counted positive. But 
if p were negative when z is positive, then V(x — р)? + y? would be greater 
than х. .. when х is positive, p is positive. "Thérefore the + sign of æ can 
be taken only when p is positive, Hence when p is positive, eq. (8) is 
satisfied by precisely the same points as eq. (1). . 

In the same way it can be shown that eq. (8) is equivalent to o eq. (2) 
when p is negative, ; 
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(1) The curve is symmetric with respect to the z-axis. 

(2) Whenz=0,y=0; when y=0,2=0. The curve there- 
fore meets the axes at (0, 0) only. 

(3) All negative values of z make y imaginary. The curve, 
therefore, lies to the right of the y-axis. 

(4) No finite value of either variable makes the other infinite. 

(5) As 2 increases, the positive value of y increases, a small 
change in 2 making a small change in y. 

(6) When becomes infinite, y also becomes infinite. - 

The upper half of the curve may, therefore, be generated by 
a point which, starting at (0, 0), moves ever to the right and 
upward, receding indefinitely from both axes. 

The following points are on the curve: 


20 p T p 2p 8p 4р ёр Бор 200 p, 


p 


y 0 +5 +р+ру? 2р +рУё + 2pv2 +4р +10р +20p. 


The curve is shown in Fig. 78 for a certain value of p. 


РСР, о) 


р positive p negative 
Ж ; y?-—2pz 


E Кта. 78. 


IL p negative. This case differs from that in which p is 
positive only in making the curve lie to the left of the y-axis 
instead of the right. The curve is shown in Fig. 78, the values 
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of p for the two curves being дашы equal, but as 
in sign. 


` 77. Axis of a parabola. Vertex. The straight line through 
the focus perpendicular to the directrix is called the axis of ше 
parabola. 
The point where the parabola crosses its axis is called oe 
vertex. 
In both cases of Fig. 78 the a-axis is the axis of the parabola, 
and the vertex is at the origin. 


78. Parabola with axis on the y-axis and vertex at the origin. 


If the vertex is at the origin and the focus at 0, ; , the equa- 


‘tion can evidently be obtained from that of Art. 76 by ex- 
changing ж and y. The equation is therefore 


2? —9py. 


The two cases are shown in Fig. 79. 


р positive. B 22 =2ру. ' /— p negative, 


Fia. 79. 


79. The arbitrary constant of the parabola - 
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Derinition. A constant which may have any value in an 
equation is called an arbitrary constant, or a parameter, of the 
equation. 

In the equation of the parabola, 4? = 2 pa, since p may have 
any real value, it is an arbitrary constant of the equation. 

Corresponding to each value of p there is a definite curve. 

. The curves which correspond to a few different values of p 
are sketched in Fig. 80.  . | : 


аги. 
исни вини айни 


| 
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Fia. 80 


80. The equations 
(^o Ax! De + Ey + F=0, A+0, Е+0 
Cy) + Dx+ Ey+ F—0, C#0, D#0. 
Equations of these forms can by a translation of axes be 
thrown into the forms а? = 2 py 
and . P=2 px 
respectively. The equations therefore represent parabolas 


with their axes parallel EDEN to the ans and me 
x-axis. | 
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А numerical example will make this clear. 
EXAMPLE. | 3а#-+2-+Бу—4=0. 


Complete the square in the terms containing x, and trans- 
pose the other terms to the other side of the equation: 


3(é pa) m — Uy 4E o Sy 
or @+p=- 40-4) 


Translate the axes to (— 4, 13) as a new origin by means of 
the equations 


а=т—{, у= +} 


The transformed equation is 


Fic. 81. 


This is the equation of a parabola with axis on the new y-axis, 
vertex at the origin, and focus at (0, — e) referred to the new 
axes. 


Referred to the old axes, the vertex is (— 1, 13), the focus is 
(— 1, 3), and the чао of the axis of the parabola is 
х= —{. 


81. The КО у = ax? + bate. 


This equation represents a parabola with its axis parallel to 
пар 
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the y-axis. For, it may be written 


b p 
y—a[z*-r-z4- е 
. а 4а 
с j-—4ac X КАН 
s заар) 
Let Е 2-242. 
Es 2a 
1 b? —4ac 
5 y=yt da^ 
ahd this equation NOSE 
1, 
= PUE 


which is the equation of a parabola with axis on the new y-axis 
and vertex at the new origin. на referred to the old axes 


the vertex is at ( — T ы 0—49 ‚ and the axis of the pa- 
‚ 2а 4a 


rabola is parallel to the y-axis. 

The parabola extends upward or downward from the ч: 
according as а is positive or negative. The sign of b — 
determines whether or not the curve crosses the a-axis. 

Let the student show that the conditions are as stated in 
Fig. 82. 


Fie. 82. 
а positive y = ax + bx + с. а negative. 
(1) 224 аср 0. (2) 52 4ас = 0. (8) 52— 4ас < 0. 
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82. The parabolic arch. Ар arch of height h and span 2} 
is in the form of a parabola with vertex at the crown. It is 
desirable to compute readily the heights of the arch at vary- 
ing distances from the center of the span. 

Choose the axes as in Fig. 83, к: y as postu ve down- 


Fia. 83. 


ward. Since in à parabola, and with this choice of axes, the 
ordinate varies as the square of the abscissa, therefore 


This form of the equation enables one to compute readily 
the heights at varying distances from the center. 


E.g. the пав at distances from the center of D > апа 


31 15h 3h Th 
4 are respectively —— d6 27 %04 16` 


EXERCISE XXIII 


Plot the following parabolas, finding the vertex of each and reducing 
the equation to the standard form. In each case compute the value of 
the discriminant, 52 — 4 ae. 

1. y=2a?—324 5. 2. E EE 

8. y= +45 +4. 4. бу—29-+4хж—83 —0. 

b. 222 +85 +у = 4. |: 6€. 8y3—29y +45 —– 8 = 0. 


100 ANALYTIC GEOMETRY 


7. Discuss the effect upon the position and form of the curve caused 
by separately varying the quantities a, b, and c in the equation 
y = ах? + х + с. "D 
8. Discuss the equation x = ay? + by + с. (Compare Art. 81.) 
9. A parabolic arch of 60 ft. span is 20 ft. high at the center. Com- 
pute the heights at intervals of 6 ft. from the center. | ? 

10. Through how many arbitrarily assigned points сап a parabola 
with axis parallel to one of the coórdinate axes be passed in general? 
Name some exceptions, 

Find the equation of à parabola with axis parallel to the y-axis through 
the three points (1, 0), (3, 2), and (6, 8). Draw the figure. 

11. Find the equation of а parabola Through the шин points of 
example 10 with axis parallel to the x-axis. 

12. Find the equation of a parabola through the points (- h, y1), 
(0, y2), and (h, уз) with axis parallel to the y-axis. 

13. Find the equation of a parabola through (1, 0), (8, 2), and (6, 5). 

14. Find the equation of a parabola with axis parallel to the y-axis 
passing through (— 20, 0), (0, 43), and (20, 0). | 

Can a parabola with axis parallel to the x-axis be passed through these 
points ? 

‘15. Show that any line parallel to the axis of a DARDO cuts the 
parabola in one and only one point. 


83. The ellipse. The ellipse is the locus of a point which 
moves in the plane so that the sum of its distances from two 
. fixed points in the plane is- 
constant. 
`” Thefixedpoints are called 
the foci. 
` То obtain the sanatio 
. of the ellipse, let the z-axis: 
be taken through the foci, 
and the origin midway be- 
tween the foci. Let the 
distance between the foci 
be 2e. The foci-are then 


Га. 84. 


F'(c, 0) and Е'(— с, 0). 
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Call the given constant 2a, where 2a >20. 
: Let P(a, y) be any point of the ellipse; then 
ЕР+ F'P=2a. 
In terms of the coórdinates of the points, this becomes 
У — c) 4 ЬУ o3 y 22. . | (1): 
This is therefore the equation of ће ellipse., = 
Equation (1) can be thrown into a more convenient form 


free from radicals as follows: Transpose the second radical to 
the right-hand member of the equation and square, 


22—92 ск 4 Aa (= +0) +00242 са фону. (2) 
Canceling, transposing, and dividing by 4, | 


ож +a =a Vœ + e) 4 y. (3) 
Squaring, 3 
Cat + 2 aren + at = ca? + 2 aren + айо + ay" (4) 
Canceling and collecting terms, | | | 
(007 ауе p afi e) BEC 
Dividing by a?(a? — с), P | | 
‚ме ү | | 
р 7t (6) 


All values of x and y that satisfy eq. (1) also satisfy eq. (6), 
but in obtaining (6) from (1) the operation of squaring was 
twice performed, and in this process there are introduced 
values of х and y which satisfy eq. (6) but do not satisfy 
eq. (1). However, the values so introduced in this case are 
imaginary, and hence there are no points on the locus of 
eq. (6) that are not also on the loeus of eq. (1). For, start- 
ing with eq. (6), the steps may be retraced until eq. (4) is 
reached, where, upon extracting the square root, a double 
sign is introduced, i.e. 


fie egit va ez 4: à? = x av (2 4- с)? + y^, 
ог — æ= жау к ++. | | (8) 
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Multiply by 4 and add (æ + с)? + y* to both sides, 
а? + 2ea+e+y?— 40x = 407 F 4 av (2 + co)? + y* t (e 4-04 y, 
or | (2— += Carvery te): | (2) 
Extract the square root, | 

riv(s-ory-2arv(stoY5 (? 
or . — £v(s—ofuryxrv(scLo-y-2a  . (1) 
Therefore, if (z, y) is denoted by P, 

+ PF:zPF'-2a. 

Now 2a is a positive DEED hence both negative signs 
cannot be used. Also FF'=2c. The difference of PF" and 
PF is therefore less than 2с. (Fig. 84.) That difference can- 
not therefore be equal to 2а, which is greater than 2с. Hence 
the only allowable combination of signs for real values of a 
and y is given in Е 

+ РЕ+ РЕ! = 2а. 

` Therefore all real values of ж and у that satisfy eq. (6) also 
satisfy eq. (1). Hence eq. (6) is the equation of the ellipse. 

Replacing the positive quantity а? — с? in ед. (6) by 5’, the 
equation becomes | 


a? y? 
а 
: a? y! 
84. Graph of at „= 
Solving for y, | yet 2 Ve— a, 
| Solving for a, @==+ 5 Vi — y. 


(1) The curve is symmetric with oe to both codrdinate 
axes, and the origin. 

(2) It crosses the a-axis at (a, ve and с — a, 0) and the жен 
at (0, b) and (0, — b). , 
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(3) If æ is less than — a or greater than a, y is imaginary. 
If y is less than — b or greater than b, æ is imaginary. There- 
fore no portion of the locus lies to the left of z = — a or to the 
right of 2 = а; below y == — b, or above у = b. 

(4) No finite value of either variable makes the other 
infinite. 

(5) In the first quadrant, as ж increases from 0 to a, y 
steadily decreases from b to 0. 

(6) By (3) neither variable can become infinite. 

. The following points are on the curve, 


o 92 а 3a Ta За 
i 4 2 4 в ло * 
y 5 91b B7b 66b 486 446 0 


` The curve is sketched in Fig. 85. 


y? 
PEE 


Fic. 85. 

85. Axes, TA center of the ellipse. 

DrriwiTIONS. The chord of the ellipse which passes through 
the foci is called the major axis of the ellipse; the chord at right 
angles to the major axis and passing through its center, the 
minor axis; their intersection the center, and the ends of the 
major axis the vertices of the ellipse. 

Thus in Fig. 85, A'A = 2a is the major axis, В'В = 21 is the 
minor axis, О is the center, A(a, 0) and А'(— а, 0) are the 
vertices. | 
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. In terms of a and b the foci are F( Verne, 0) and 
F'(_Va—®, 0), | 
since `- 0 = а? — @ or c=Va?— 0, | 

86. The ellipse with major axis on the y-axis. In Art. 83 


the equation E sth 1 was found for the ellipse with center 


at the origin ud m major axis 2a on the a-axis. If а 
major axis 2a were taken on the y-axis, the equation would 
clearly be obtained from that above by exchanging z and y.. 
It is therefore, 


y +5= 1, where the mao axis is 2a. 
a | aa 


If, however, the major axis is called 26 and the minor axis 
2 a, the equation becomes the same as that of Art. 83; namely, 


Eg 


This equation audi Eie an ellipse with major 
axis on the a-axis or the y-axis according as a is greater than 
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or less than b. In the latter case the foci are vo TL) 
and (0, — V — a^. A a 


87. The hyperbola. An hyperbola is the locus of a point 
which moves in the plane so that the difference of its distances 
from two fixed points of the plane is constant. 

To find the equation of the hyperbola, as in Art. 83, let the 
fixed points be F(c, 0) and F'(— c, 0), and let the constant be 
2a. Here, however, 2 a < 2c, since the difference between two 
sides of a triangle is less than the other side. | 

Let P(z, y) be any point of the locus, then (Fig. 87) either 


| FP— F'P=2a or F'P—FP=2a, 
according as Р із nearer to F' ог F. 
FP—F'P=+ 2a. 


Fia. 87. 


Expressed in terms of the coórdinates, this equation becomes - 
 МУ@—#+#—-У@+#+й=&2в (1) 
This is therefore the equation of the hyperbola. 


It is more convenient to have the equation free from radicals, 
 "Transposing the second term and squaring, 


202—2 exp c 4 - y =r ex 6? -y* x4 av (æ+ + +y+4a%, (2) 
Canceling, transposing, and dividing by 4, | ia 
— (ex + a) = + av (2 4- c)* 4- y*. | (8) 
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Squaring, 
са? + 2 аса + а = aa? + 2 a?cz + oe + aly а) 


Canceling and collecting terms, о. 
(0 а?) а? — ауа? а). ЕК 
Dividing by à? (f — a”), Я 


йык ш tiig 


This is precisely the same form as eq. (6) in Art. 83, the only 
difference being that here qs a? is positive, whereas there it 
was negative. : 

Every point whose coórdinates satisfy eq. а also satisfy 
eq. (6). That conversely all points which satisfy eq. (6) also 
satisfy eq. (1) may be shown as in Art. 83. The steps by 
which (6) was obtained from (1) can be retraced, but a double 
sign must be used when the square root is extracted. Hence, 
given eq. (6), there follows 


+V@—-S y +у (++ = + 2a 4^ 
If P(@, y) is-any point on the locus of this equation, then 
^^ £zFP£RFP-£i2a 0 0 


' The same sign cannot be used throughout, since the sum of 
two sides of a triangle is кене: than the third side, and 
2а< 2с. 

The same signs for the terms оп the left and the opposite 
sign on the right cannot be used, since the sum of two positive 
quantities is positive. 

Hence the only combinations of signs left is that where the 
signs of the terms on the left are different, which is equivalent: 
to | 


ae 


|FP—FP-z1t2a.. 
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Therefore eq. (6) is satisfied by only those points which 
satisfy eq. (1). Equation (6) is therefore the equation of the 
hyperbola. 

Letting the positive quantity с = , eq. (6) becomes 


a? y! 
a wr 
A 2 Р ў 
88. Graph of = — = | 
Solving for y, у= + 2 2? — а, 
. Solving for 2, а= + ; V 40 


m The curve is ушшш with respect to both coordinate 
axes and the origin. 

(2) It intersects the a-axis at (a 0) and а а, 0), but does 
not intersect the y-axis. 

(3) If a lies between — a and a, y is imaginary. All values 
of y make z real. 

(4) No fiuite value of either variable makes the other 
infinite. 

(5) In the first quadrant as a, starting at a, increases, y, 
starting at 0, steadily increases. 

(6) As either variable becomes infinite, so does the other. 

‚ The part of the curve that lies in the first quadrant may 
therefore be generated by a point which, starting at (a, 0), 
moves to the right and upward, receding indefinitely from 
both axes. 

The following points are on the curve: 


x а e 2a 3a 4a 10a 100 á, 


y 0 11b 17b 28b 39b 995b 99995. 
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The curve is shown in Fig. 88. . 
. The foci are (Va? +Ё, 0) and (уа 4-95, о) 


Св s 
| 


89. The asymptotes of the hyperbola. By obsérving the 
table of values of x and y in the preceding article, it may be 


seen that the ratio of # to у comes nearer and nearer to as 


æ increases. ar | | О ! 


Consider then ше locus of the equation У =y or 
y = b 2р2. deut | 3 
a 


The locus of this equation is a straight line with slope d and 


y-intercept 0 (Art. 55); i.e. it is a straight line through the 
origin and (a, b). 

Let y, and y, denote the ordinates of the points on the line 
and the hyperbola respectively, in the first quadrant, m the 
same value of х. Form the difference 


—n=2(@- Уа? =m, 
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which may be written = см 
А b(a +a) _ ab 
Yi — Ya = — И 
a(x + Уа? — a?) — gal — ai 
from which it is evident that, in the first quadrant, y, — y, is 
positive, decreases as æ increases, and approaches the limiting 
value 0 as ж becomes infinite. The curve therefore comes 
ever nearer to the straight line as x increases, and approaches 
indefinitely near as ж becomes infinite. 


The line y= b y is therefore an asymptote of the curve. 
a 
From symmetry the same line is an asymptote in the third 
quadrant, and y= —5 y isan asymptote in the second and 


fourth quadrants. 

The asymptotes are shown in Fig. 88. 

In plotting the hyperbola it is well to draw the asymptotes 
first. They will serve as an aid in sketching the curve when 
a very few points have been located. 


90. Axes, vertices, center, of the hyperbola. 

Derinitions. The points of intersection of the hyperbola 
and the line through the foci are called the vertices of the 
hyperbola; the line joining the vertices the transverse axis; 
the middle point of this line the center of the hyperbola; and 
the line through the center perpendicular to.the transverse 
axis, of length 2c? — а?, the conjugate axis. 

Thus in Fig. 88, A and A’ are the vertices, A'A = 2 а is the 
transverse axis, the origin is the оше and B'B —2b is pun 
conjugate axis. | 


91. The conjugate ‘nyparbola. The equation of an done 
bola with foci on the y-axis at the points (0, Va + b?) and 


(0, —Va?+ 0?) and transverse axis 2 а is obtained from the 
equation of Art. 87 by iere анына æ and y. The “шо 
is therefore y ^x Qc 
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If, however, the transverse axis is 2b and the «шше 


axis 2 a, the апап! 18 А — a =1, or 
a? 


ee | 
a a , | 
` This Бурай is called the conjugate of ^ —У a1. 


It is easily shown that the conjugate Ра Баа also has the 
lines у= = апа y = — tz for asymptotes. The proof is left 


аз an exercise. ` 
The curve is shown in Fig. 89 AR with the кеен 


Since the equations of the asymptotes can be но into 


the one equation -— — 0, therefore the three equations 
К. зай 
Pus be 
at y? 
a 
а? 2 
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represent respectively an hyperbola, the шыш ш» 
апа the asymptotes. 


92. The equilateral hyperbola. If b=a, the hyperbola is 
called the equilateral, or ои hyperbola. | 
The equation is . 
w? — y! =a’. 
The asymptotes are y = 2 Y y--z, and are therefore 
at right angles to each other. | 


.93. The equilateral hyperbola referred t to its asymptotes as 
axes. In the equation of the equilateral hyperbola of the pre- 
ceding article, let the axes be rotated through an angle of 
— 45°. The asymptotes then become the axes. The formulas 
of transformation are 

с а= 2! cos ( — — 45°) — y! sin ( — 45°), 
y =a! sin ( — 45°) + y! cos (— 45°), 


О РТО: 
гш +y) | 

= 1 — gi tH yñ. | 
y va! -g + y) 


Y 


Га, 90. 
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Substituting these values of z and y in the “пин of the 
SIM hyperbola | 

sas 
thera results’ 

Ва" +2 ау 9") – 800—297 + y) =a, 

А 2 
or, dropping primes, | gy- Е 
This is, therefore, the equation of the equilateral hyperbola 
referred to the asymptotes as axes. 
' From the above it follows that if two variables change in 
such a way that their product remains constant, the curve 
which represents the equation connecting them in rectangular 
eoórdinates is an equilateral hyperbola. ^ E.g. the пән 
ро == О is терезе by an equilateral алаа 


94. Тһе equation Aa + су + Dæ + Ey +Е= =0, A+0, 
€ + 0. 

An equation of this form can, by a балана of axes, be 
transformed into one in which the terms of the first degree 
are lacking. For, completing the. squares in the terms con- 
taining x and in those containing y, the equation becomes 


PE Г? І? Е 
A (9 ун (+ or *19)- atao” 
eT = D _ Е. D mp =F 
Letting x = x 24 у= y! 2c and т tio pom 


the equation becomes ` ' 
Ах" + Cy” = Р. 

` The locus of this equation кка pn the values of A, C, 
and Е". 

Suppose I F'=0. 

(1) Tum) if А and C are of the same sign, no real values of 
z' and y' except (0, 0) will Бану the equation. Hence the 
locus is a point. S 
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: (2) If A and C are opposite in sign, Ax’? + к 0 can be 
factored into two factors of first degree in z' and у’, and there- 
fore the locus is two intersecting straight lines. 

Il F0. Divide by F, 


(1) те F and Е are both positive, the locus is an ellipse. 


(A circle if A= C.) © » 
1 
(2) If Е" and © are both negative, no real values of a! and 


y! satisfy the ure . Hence there is no locus. 


(3) If UE are ера in sign, the pus is an hyper- 
bola ^ $ * " 


95. Illustrations. - mE NE 


ЕхАМРІЕ 1. 32!:—4y'— Ta+5yt2— 0. 
This may be written | 


Tæ, 49 Бу , 25 49. 25 
°8(а4—1 © e 
( * ae 4-5 нз). 12 16 zi 


3 86 
or 20 9(—0'—-49— =}. 
Let z—-z4-by-y'--b5 
.Xhen 3ж%—4 у'% = 25, 
ог Иш 
| OTÉ Yor 
This is the equation of an hyperbola with center at the new 


5V3 


origin, transverse axis on the new x-axis, with a= 5,, b--——— 24 


I 
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' Referred tothe old axes the center is at (J, Ф). (See Fig. 91.) 


| Fie. 91. 
ExAMPLE2. æ- 93 +72+9у+10= 0. 
This may be written | 


at +7 xq 39 —9(i— = EIn —10, 


or 00 Qr$y—9(y— 3) = 
Let ga — $, ОТ. 
Then, : o" —9 y" =0, 


which may be written 
@+3уу@ 28 y=. 
This equation is satisfied by all values of 2! and y! that 


Fic. 92. 
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make either х — 3 y! = 0, or z' + 3 y' = 0, and by no other values. 
The locus is therefore two straight lines through the new origin, 
with slopes 4 and — 4 respectively. 

Referred to the old axes the point of intersection of ше 


lines is (— 1, 4). 


96. The equation 42? + Bzy + Cy? + Dz Еу + F=0. An 
equation of this form can by а rotation of axes be reduced to 
one in which the term in zy is lacking. (Compare Art. 54, 
example 3.) The resulting equation can then be treated as in 
the preceding article. 

Usually, where the zy-term and terms of the first dered 
appear in the equation, it is easier to first remove the terms of 
first degree by a translation of axes, and then remove the term 
in zy by a rotation of axes. It is not, however, always possible 
to remove e the terms of first degree. 


EXERCISE XXIV 


Reduce, where possible, the following equations to a standard form of 
this chapter. Determine the axes, position of centers, vertices, and foci 
of ellipses and hyperbolas; asymptotes of hyperbolas ; and foci, vertices, 
and directrices of parabolas. Sketch the curves. 


1. 2?@—62—4y41=0. 

2. 922--4y2 — 36x — 24 y + 86 = 0. 

3. 922 — y2--36 x --2y +35 —0. 

4. 1622 2 —80z —6y + 75 —0. | 
b. За фу -E5z-7y —8—0. 7. 8:22 4Àx —y 4 1—0. 
6. 533—492. -10z—16y—0. 8. 2922 +162у - 419? — 45 =0. 
9. 2122-62 V2 xy — 68 y? — 824 = 0. 

10. 1622 — 24 zy + 032 — 180 = + 10 y — 75 — 0. 

11, ay-8 > 2007 12. zy— si — b. 

18. 8a? —4zy +60: --6z —8y —0. | 

14. 1423 + 46zy — 141 — 12z + 1ly—2=0. 

15. zy 525 +у+1=0. 
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16. Prove that the equation of a paraboli with vertex at (h, X) п 
ахїв parallel to the z-axis ів. 


(y —&)* =2р(х — h). 
What is the equation if the vertex is at (h, k) and the axis is parallel 
to the y-axis ? 


17. Prove that the equations of an ellipse and an реа with center 
at (л, k) and axes parallel to the coórdinate axes are, respectively, - 


А ^ ска о-в 


18. What are the equations of the asymptotes of the hyperbola in 
example 17? 


19. Prove that zy = az + by +c is the equation of an equilateral hyper- 
bola with asymptotes parallel to the coórdinate axes, if — c Æ ab. E а 
translation of axes reduce the equation to the form xy = k. 2m 


20. What are the Ponal ona of the asymptotes of the hyperbola in 
example 19? 


2L “Prove that y= 


aT б ig the equation of an аша hyperbola, 


if ad - bc, and that the asymptotes are х = -§, y= = 


22. In the equation of example 21 let a -L b= 2, d —8, and plot the 
curves for the following values of c: c — 2, 1.6, 1. 4, 1, .1. Show that these 
curves all pass through the same two points on the axes, 


If c be allowed to approach the limiting value 0, what limiting form 
does the hyperbola approach? What limiting form if c approaches $? 


23. An hyperbola has the lines х —2 and у= 4 as asymptotes. It 
passes through the point (4, 2). Find its equation. 


CHAPTER VIII 
GRAPHS OF TRIGONOMETRIC, EXPONENTIAL, AND LOGA- 
RITHMIC FUNCTIONS. GRAPHS IN POLAR COORDI- 
NATES А | 


97.. The sine curve. Consider the graph of the equation 
y — sin a. | : i 

Let a be the radian measure of an angle. Let z and y be 
taken as rectangular eoórdinates of points in the plane, the 
abscissa of any such point being the number of radians in 
the angle, and the ordinate being the sine of that angle. 
The following properties of the locus follow from the prop- 
erties of the sine of the angle. 

1. The locus is not symmetric with respect to either axis, 
but is symmetric with respect to the origin, since 


. Sin(—2z) = — sin a, 


2. The locus cuts the a-axis where x=0, т, 27, +; — m, 
— 2r, +++, бе. where x= Ет, k being any positive or negative 
integer, or zero. It crosses the y-axis only at the origin. 

3. All real values of ж make у real. All real values of y 
between and including —1 and 1 make v real; all other values 
of y make x imaginary. | 

4. No finite values of either variable makes the other 
‘infinite. í 


Б. Ава increases from 0 to = 9 y increases from 0 to 1, 
, As 2 increases from 2 to m, y decreases from 1 to 6, 


. As ж increases from т to D) y decreases from 0 to. — 1, 
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As increases from on to 2 т, y increases from — 1 to 0. 


6. As æ increases from 2 to 42, y takes in succession the 
same set of values that it takes when ж increases from 0 to 2 т. 
In general, since sin (A + 2 kr) — sin A, where Ё is any positive 
or negative integer, it follows that if x is increased or de- 
creased by any whole multiple of 2 r, sin z, or y, is unchanged. 
Hence if the curve be plotted through an interval of length 
2 т on the a-axis, other portions. of the curve may be obtained 
from this portion by moving it to the right or left through the 
distance 2 п, 47, 6 т, etc. 

A few corresponding values. are shown foe: x ranging from 0 
to т, and the curve is drawn to pass through the points so 
determined. For x ranging from т to 2 the values of y are 
those given below changed in sign. (Fig. 93.) 


"UL nS EM MEE S E E oc 
| 6 24 8 2 8 4 6 ^" 
y 0 ; V2 УЗ у v3 Уу? лн 


98. Periodic functions. А periodic function of a variable is 
a function whose value, for any value of the variable, is not 
changed by increasing the variable by a definite constant 
quantity. The least positive constant quantity by which the 
variable can be increased without changing the value of the 
function is called the period of the function. Я 
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` "Thus sin z is a periodic function of x, since sin (z4-27) =sing: 
Since 2 т is the least positive constant value by which # may 
be increased without changing the sine, 2т 18 ш period ; 9E 
sina. 
J Again, tan 0 is a periodic function of 6, since ЕЕ =tanð. 
The period is m. . ` 

- Also cos (ax 4- 5) is a periodic 4 асра of g with the pétiod 


= — , since increasing 2 by 2T increases ac b by 2a, and thig 
a a. 


leaves the cosine у 


99. Graph of y = віп(2 +a). Let 2 == фа, or x=% —a. 
This change of variable means geometrically a translation of 
axes to.the new origin (— а, 0). The equation referred to the 
new axes is у' = sinz'. Figure 94 shows the curve aco how it 
is located with respect to the axes. 


PE i 


` Yu an (х+@) 
Fig. 94. 


100. бтарћ of y = sin na, vues n is positive Let 2' = ne, 


д! 
ог w=. The equation then becomes y = зіп 2, the locus of 
n 


which is shown in Fig. 93. Now the substitution of т = 2. "ean 
n 


be interpreted as shortening the abscissas of all points in the 
ratio 1: љ without changing the ordinates. If, then, the curve 
y = sin x be drawn, the curve y = sin nz can be obtained from it 
by shortening the abscissas of all points on the curve y = sin æ 
in the ratio 1:n. This is equivalent to compressing uniformly 


120). = 2 ANALYTIC GEOMETRY 


in the direction of the z-axis any portion of the curve y= sina 
which begins at the origin into of its original pud the end 


of the curve at the origin to jma at the origin. 
It is also equivalent to choosing a unit on the x-axis equal to 


1 of the unit on the y-axis and then plotting the curve y = sin 2. 
Ac 


If n is less than 1, the contraction of the curve becomes i in 
fact an expansion. oe 

Graphs of y=sin3a and of yasin (22 D are shown in 
Us 95, joins with y = sin g. 
HHH HHE HHA 


РУКУ SERRE 
EECEPG ЕКЕ 
= 


DA 


| [3 


i ai ЕНЕН 
ПУ АТ H 


y= SIN £ g p 
Fia. 95. 
101. Graph of у= sin (næ + т). Letting 2 = 2 ——, the 


equation becomes у = sin nx’. Hence translate the axes p the 
new origin (- m °) and construct the curve y = sin пх. Com- 
% 


pare Arts. 99 апа 100. 
Figure 96 shows the locus of y= sin (па + n): Tor п == 2, 
m=—1. 7 | 


y = әл (20—11) 
Fia. 96. 
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102. Graph of y=psin(nx+m). . The graph of this 
кек; can be obtained by multiplying each ordinate of 
= sin (nz + т) by p. The curve is shown in Fig. 97 for p and 
n 5 both positive. 


ЕТТТ ТТТ ТЕТТЕ 
ЕТЕТ ТЕ ТЕТ eA PTS 


LIITIFTITIAZOTITIIITITIIILI 
СТЕ т PETE reer ш иншшш шшш шшшжшы 
Jp вім (пат) 
Іа. 97. 


103. The exponential curve, y = a^, where a is positive. 

(Only positive values of y are considered.) 

(1) The locus is not symmetrie with respect to either coördi- 
nate axis or the origin. 

[o It intersects the y-axis at (0, 1), but duos not meet the 
x-axis. 5 | 
(3) For every. real value of æ there is one real and positive 
value of y. Only this value is considered. 

(4) No finite value of z makes y infinite. 

(5) Ifa < 1, y approaches zero as x becomes infinite positively. 

If a > 1, y approaches zero as 2 becomes infinite negatively. 

(6) If a > 1, y increases always as х increases. 

If a < 1, y decreases always as x increases. 
If a = 1, the curve becomes the straight line y = 1. 

Figure 98 shows a few curves whose equations are of the 
form y — a*, for certain values of a. ml 

Values of y шаў be es by p 

E.g. if =e= 2.718 - | 


| ©The quantity LE Ne = n ub. [2 +21 is +E a Ta "mu + = 2.71828 +e is denoted 
by e and i is called the natural base of келле It is of much importance 
in more advanced mathematical work. Se ар aty ' 
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then ^ ^ 108 у = х logy 2.718 -- 
[ сә = 4343 a, | 


ЖЕ CA» 
WENXENMNERNEZN 
Ж ИТИИ ИЕ 
И ЕКШШ 
Pe Ree eee 
Sees л a 
Т Е =, 
KEEP R CaS 


.. The following points are on the curve jä е”, 
Ar E MEM M 
y О 05 d4. S7 1: 2. T: TA 20 148. 


. After à few points on the curve lvo. ‘been Оа, other 
points are easily found by noticing that when æ is doubled, 
y is squared; when is tripled, y is cubed; etc. This follows 
at once from the law of оо, а"= = (a? ». 


104. The logarithmic curve, y=log,a. This curve is: the 
same as that of y= a” with z and y interchanged. The curves 
for у = logy 2 and у = 105, are shown in Fig. 99. 
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Since log, 2 = 105, 2 log,a, when the curve y = 105,2 has | 


been constructed . for 
any value of a, the 
curve y=log,% сап 
be easily obtained from 
it by multiplying all 
the ordinates of the 
first curve by log, a. 
E.g. the ordinates of 


у = 105.2 are 2.3026 209710993 
times the correspond- Fia. 99, 
ing ordinates of y = log, x, since 

log, 10 =—}— = _1_= 2.3026 


logge .4348 


105. Graph of y —e-**, where e = 2.718 --. and a is positive. | 
| Since e7% = (e~) = 


| | e this curve is of the 


same form as у= 0$ 
where a, is less than 1. 
The eurve is therefore 
as shown in Fig. 100. 
(Compare Art. 103.) 

The rapidity with 
which the curve falls 
as the tracing. point 
moves from left to right 
depends upon the value 
ofa. | 


106. Graph of 
|y = be^ sin (па + т). 
- This graph is easily ob- 
tained by. plotting sep- 


124 
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arately the graphs of y = e7** and y= b sin (nz + m) and multi 
plying together the corresponding ordinates. The form of the 
curve is shown in Fig. 101. This i is an important curve in the 
theory of alternating currents. 


_ Fro. 101, 


EXERCISE XXV 


Plot the following curves. (The letters 1, d, t, are variables.) 


1. 


P m һом 


y = Cos x. | 
у —tanz. (Divide ordinates of sine curve by those of cosine curve.) 


. y=cscx. (Obtain from sine curve.) 


у = seca. · 


у = E: (Examine carefully near z = 0.) 


y = Cos 2 х. 7. y = cos 8x. 
y=tan2g . |. 9. y=tanĝz, 
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10. y = вір (3x — 1). 2500 7 13. y ee + а). 
12. у = cos (nx). 18. y = cos (nz + m). 
14. la that the graph of y = соз х is the same as the graph of 


у = віп х moved parallel to the z-axis the distance 3 in the negative 


en | 
. By what change in position can the à of y —cotz ba ma to 
cde with the graph of у= {ап 2? 


16. i= be-#, x 

17. i= b(1— e=). (Combine the graphs of i = b and i = be-“.) 

18. ¿= Ме-“, 19. q— 0+ с(1+ ktje-®, 

20. q = asin nt + bsin8 nt. 21. y =x + sinz. 

22. y = sin х + cos x. і 23. y - sin (1). 

24. y = sin? x. € 

26. y = sinl! x, ` 25. y = sin?a. 

28. у = sing + sin 2z. 27. y” = віп х. 

30. y? = sin x. 29. y = sinl? x, 

32. y =sin x + sin 3 x + віп 5 z. 31. y = sin^z. 

34, д = e^*sin2t. | 93. y = e- sin x. | 

36. y = siniz. | 35. ф=е-%вїп nt. 

38. y= sinlz ' 37. y= tanig. ` | 
cos“! g | 89. y=sine+4sin3e2 + 


sin 5g + 4sinT gz. 


107. Plotting in polar coordinates. The methods used in 
plotting a curve in polar coördinates do not differ essentially from 
those used in plotting curves in rectangular eoórdinates. ` The 
difference comes mainly in the manner of locating the points. 
The following examples will sufficiently illustrate the methods. 

ExawPLE 1. To plot in polar eoórdinates the eurve whose 
equation is r = а сов 6. | 

The following pairs of values of r and @ may be at once 
written, using approximate values of r: , | 
ө 0° 30 45° 60° 90° 120° 135° 150? 180? 
а 87a Tla Ба 0 —5a —Л1а —.87a —a 

219° 225° . 240° 270° 300° 815° 830° 360° 
— 87a — 71а — 5a 0 6a Tla 87a a 


з Ф % 
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An examination of the variation in r as 6 increases from 6 
to 360° shows that as @ increases from 0 to 90°, r decreases 
from a to 0; as 0 increases from 90° to 180°, r is negative and 
decreases from 0 to—a, the point (r, 6) tracing out a part of the 
eurve in the fourth quadrant; as 0 increases from 180? to 270°, 
r remains negative and increases from—a to 0, the point (r, 6) 
tracing over again the part of the curve already traced in the 
first quaerens as @ increases from 270° to 360°, r increases 

from .0 to a, the point 

(r, 0) tracing over again 

‚ the part of the curve 

. already traced in the 
fourth quadrant. 

If 60 is’ allowed . to 
increase beyond 360° or 
to take negative values, 

ру | eos 0 takes оп the 

т=а 0080. > same series..of values 

| Fia. 102. already obtained, since 

cos (0 + 360°) = cos 6, and no new points are obtained. The 
curve is therefore as represented in Fig. 102. 

The curve appears to be a circle. That it is so in fact may 
be proved as follows: Take any point P(r, 0) on the | curve; 


then T Sú cos 0 or cos 0 — 7. Therefore £L OES must be a 
a | 


r 


right angle. Therefore the curve is a TEE 


ExawPLE 2. То plot i in polar eoórdinates the c curve whose 
equation is 7? = a? cos 3 6. É | 

For every value of 0 which makes cos 80 positive there are 
two values of r which differ only in sign, and for every value 
of 0 which makes cos З 0 negative the values of'r are imaginary. 
In order then for r to be real, 30 must be an angles in the first 
or fourth quadrant. . : 

Let the positive value of r be taken for discussion first. 
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The following table shows the changes that take place in r as 
0 increases from 0 to 2 s». 


; о ою тт *| Z 4527|27,,57|5m,,7v 
66 2/2 3|8 .6|60 6 
36|0to *| 7 (027 |37 to 2r|2r «997 9T 4577 
' 2/2 2,2 2 2 2 
* |ato0| imag. 00а a to 0 imag. 
Тт, 4т|4т‚ 8т|8т, 1ж[11т 
яа төтөк, ту to2 
Mica лауа вара ера сс 
86 TT toda 4v to 2% Эя о Ця П ғ osr 
© E 2|2 2142 
"| 0toa a to 0 imag. Otoa 


The second column is to be read, as 6 increases from 0 to © 30 


increases from 0 to 2 and hence r decreases from a to 0, and 


similarly for the other columns. 
A few intermediate values of r and 6, computed from a table of 


natural cosines, are shown for values of 6 ranging from 0 to Е . 


12 = a? cos 30 
Fra. 103. 


128. 


Since cos 30 takes the same values, either in the same. order 
or in the reverse order, when 6 increases through the other 
intervals for which ғ is real as it does when 6 increases from 


0 to Z 6? the values of r are the same in those intervals as in the 


first. 


The curve is shown in Fig. 103. The dotted portion is the 


ANALYTIC GEOMETRY 


0 5°. 10. 15° 20 25° 309 
т 98a 93a 84a Tlia Sla 0. 


part corresponding to the negative values of т. 


If 6 is allowed to increase beyond 2 т, ог to take negative 
values, cos 3 6 takes the same set of values over again, and the 


same points of the curve are again obtained. 


EXERCISE XXVI 


Plot the following curves in polar coórdinates. 


"= а віп 0. (Prove it is a circle.) 2. т=60. 
"= а tan б. 4. т= 290. "^. b. т= асов 2 6. 
т соз 0 = а. (Prove it is a straight line.) 

rsin 0 = a. (Prove it is a straight line.) 


. r8 = C. (Called hyperbolic spiral.) 
. r— a9. (Called logarithmic spiral.) 


т = а (1 — сов ө). (The eardioid.) 


. "== 9 (1+ сов 0). (The cardioid.) 
12. 


а та | ; 
r= - (Prove it is a parabola by transforming to rec- 
(1 — сов 8). ( P y i 6 


tangular coórdinates.) 


13. 


м. 


15. 
18. 


21. 


24. 
21. 


4 | » : 
r =i P oos. (Prove it is an ellipse.) 
4 TA 
r= REDITU (Prove it is an hyperbola.) | 
r = а зіп 26. 16. r =a sin 80. 17. r =a cos 39. 
r =acos40. ` 19. r?—a? cos 2 0. 20. 72? — a? sin 20. 


72 = а? віп 80. 22. 14 = а sin (2); 23. r = 8 сов Б]? 


Ж 


r = а sin (25 25. r =1—2cos 0. 26. r—2— сов 0. 


r z2a сов 0+ b, where b takes the values 0, a, 2a, 3a. 
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PARAMETRIC EQUATIONS OF LOCI 


108. Parametric equations. А single equation connecting 
two variables, which can be solved for one of the variables, 
may always be replaced by two equations which express the 
value of each of the variables of the original equation in 
terms of a third variable. Moreover, one of the two equations 
may have any form whatever. 

Thus in the equation of the circle, а? + y! = 1°, a third vari- 
able, ¢, may be introduced by letting æ be equal to some func- 
tion oft; substituting this value of x in 2?4- y! = 7? the value 
of y may be found in terms of t. E.g. if х= 7 cos t, then 
у= +7 810 #, | 

It often happens that it is easier to obtain the values of 
coórdinates of points on a given locus in terms of some third 
variable than it is to obtain an equation directly connecting 
the coórdinates of the points, and in some cases the two equa- 
tions ean be obtained where it is not possible to obtain the 
equation directly connecting the coórdinates of the points. 

The third variable in terms of which the coórdinates of the 
points are expressed is called the parameter, and the two 
equations are called the parametric equations of the locus. 

Frequently the parameter may be given an interesting 
geometrie interpretation. ge^ 


109. The parametric equations of the circle. Let the center 
of the circle be at the origin and let the radius be r. Let 0 be 
the angle which the radius to the point. (2, ) on the cascie 
makes with the z-axis. Then 

| == т cos 8, y = r sin @. 
к | 129 


ys 
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These equations hold for every point on the circle and hence 
represent the circle semper They are parametric equa 
tions of the circle. 


Y 


кто. 104. 


If 6 be eliminated from the КК (by squaring ‘and 
adding), the ordinary equation, а? + y! = 1°, is obtained. 


110. The parametric йш. of the ellipse. Let the E 
tion of ellipse be | 


а? 
athe 


Draw a circle with center at origin and radius a. Through 
any point P(z, y) of the ellipse draw a line parallel to the 
y-axis to meet the circle in P' on the same side of the a-axis 
as P. Draw ОР! and let the inclination of ОР! be 0. Then 
х = а cos 0. ‘Substituting а cos 0 for æ in the equation of the 
ellipse, there results y = + b sin 6. Since it was agreed to take 
P' and P on the same side of the a-axis, the plus sign must 
be taken i in the value of y. Hence | 


æ = a cos 0, y = b sin 6, 


are the parametric equations of the ellipse. 
The angle @ is called the eccentric angle. 
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111. Construction of the ellipse. To construct an ellipse of 
semi-axes а and b, а > 6, take the center of the ellipse as a 
center and describe circles of radii а and b. Draw any radius 


making an angle 6 with | 


the major axis. Through 
the points where the ra- 


dius cuts the inner and 


outer circles draw par- 


allels respectively to the . 
major and minor axes. . 


Their intersection is а 
point of the ellipse. '! 


 Phoor.- Taking the | 


x-axis along the major 


axis of the ellipse the : 


point of intersection P 
is at once seen to have 


Fia. 106. 


the coórdinates 2 = а cos 6, y = b sin 0, and is therefore a point 
of the ellipse from the preceding article. < 


Exercise 1. ^ Construct-an ellipse by this method. 
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Exercise 2. Prove that, for the same values of æ, the 
ordinates of the ellipse and circle in Fig. 105 have a constant 


ratio, 
a. ; 
Exercise З. The sun’s rays fall vertically upon a plane; 


prove that the shadow on this plane of a circular hoop not 
parallel to the plane is an ellipse. 


112. The cycloid. The curve traced by a fixed point on the 
circumference of a circle as the circle rolls in a plane along a 
fixed straight line is called the cycloid. 

The circle is called the generator circle and the point the 
generating point. 

To derive the equations of the cycloid: Let the fixed line 
be taken as z-axis and the point on this line where the gen- 
erating point touches it as the origin. Take the y-axis per- 
pendicular to the z-axis. 

Let P(x, y) be any position of the generating point, 6 the 
angle, measured in radians, through which the radius through 
P has turned since the generating point left the origin, and a 
the radius of the circle. mE (Fig. 107) | 


Fig. 107. 


2—0M- OH + HM. 
у= MP= HC + CN. 
Now OH=are HP — a6, 
 HM--—PN--—asnóÓ,.: 
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HC =a, 
CN = — a cos 6. | 
.. = аё —a sin 6, 
у =а — а cos 9. | а) 


(The student should make sure that these equations hold 
for either position of the generator circle shown in Fig. 107, 
and should draw other positions of the кезеги circle апа 
prove that the same equations hold.) 

Equations (1) give the values of 2 and y in terms of a third 
variable 0. Ву assigning values to 0, values of æ and y may 
be computed and thus points on the curve located. - 

It is usual to take the two equations (1) as representing the 
cycloid, but a single equation connecting z and y may be ob- 
tained as follows: | 

From the second equation, 1 — cos 0 = A ‚ or vers 0 = A 


“. 0= vers, 


and sin @ = VI cos") = 4/1— (=i EVE y. 
Substituting these values of 0 and sin 6 in the first of eqs. 
(1), there results 


а= а vers пад: y. | (2) 


` 113. Construction of the cycloid. Besides the method of 
locating points on the cycloid by computing values of æ and y 
from eqs. (1) of Art. 112, the following method may be easily 
employed: On a straight line lay off a distance OA equal to 
the circumference of the generating circle. At the middle 
point B of OA draw a circle equal to the generating circle 
tangent to OA. Divide OB into a number of equal parts by 
the points B, B, B, etc., and the semi-circumference BC into 
the same number of equal parts by the points С„ С» C, etc., 


184 "E ANALYTIC GEOMETRY 


obtained by use of the protractor. Through Cj. C, Cy oe 
draw lines parallel to OA.. 


е Е Fie. 108. 


As the circle rolls back, the point Р, now at the top of the cir- 
cle, generates the cycloid, the point P descending to the level 
of C, when the point of tangency moves back to B, ` Hence 
the point P, may be obtained by using C, as a center and BB, 
as a radius to describe an arc cutting the line through О. - | 

Similarly with radius equal to BB, and center С, the point 
P, is obtained, ete. 

Other methods of constructing the сус1о11 are employed by 
draftsmen. 

Exercise 1. Construct a eycloid by the method explained, 
dividing the circumference into twelve equal parts. | 

Exercise 2. Construct a cycloid by серип values of 
х and y by eqs. (1), Art. 112. 


114. The hypocyeloid. The hypocycloid is the curve traced 
by a fixed point on the cireumference of a circle which rolls 
internally along the circumference of a fixed circle. | 

To derive the equations of the hypocycloid: Let the radii 
of the fixed and rolling circles be а and b respectively. Take 
the eenter of the fixed circle as origin, and the line through 
this center and the point of contact of the generating point 
with the fixed circle as z-axis. Let Р(х, y) be any position of 
the generating point, 0 the angle through which. the line 
of centers has rotated, and ¢ the angle through which any 
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radius of the generator circle has turned since the generating 
point left the x-axis. Then (Fig. 109), 


' æ= ОМ= OH 4- NP — ОС cos 6+ CP cos ф 
= (a — b) cos 0 +0 cos ф, 
y = МР= HC— NC = (a — b) sin 0 — b sin ф. 


Га. 109. 


Now are РВ = arc AB, and therefore ob + pa = a, 
_a—b 
or E | ф= Ec 6. 


“w= (a — b)eos 0 +b um | 
| y = (a — b)sin 6 — b sin 9 


115. Construction of the hypocycloid. From the above 
equations as many values of ж and y as desired may be com- 
puted by assigning arbitrary values to 0. By this means a 
sufficient number of points may be obtained, through, which 
the curve may be drawn. 

Another method is as follows: Draw two concentric йс]; 
К and K', with radii a and a — b respectively. Let ¢'=6+4¢; 
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then «ð= b$'. Compute the value of 0 which makes ф' = 360°, 
i.e. 0 =? 360°. Теб AOB be this angle, constructed by use of 


the protractor. Then B is the second point of contact of the 
generating point with the fixed circle. Divide AOB into any 
number, л, of equal parts and draw radii to intersect the circle 
K' at C, С, C, etc., and the circle K at Bj, B, By еіс. With 
С, Cy ++. as centers draw circles of radius b. 

І B 


m - Fie. 110. | | 

The position of the generating point on the first of these 

circles is obtained by drawing an angle B,C,P, equal to lin of 
| n 


360°; the point on the second circle by drawing an angle 
B,C,P, equal to 2 ths of 360°, ete. See Fig. 110, where n=8. - 
n А ; 


116. The hypocycloid where а —2 b. Letting a=26 in the 
equations of Art. 114, there is obtained У 
| E х= а 00s 0, 
ТИ: | y = 0. | 
The latter equation shows that the generating point moves 
along the z-axis, and the former that it is at any time in the 
same vertical as the point of contact of the circles. . A 
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Hence, if a circle rolls within a fixed circle of double the diam- 
eter, every point of the rolling circle moves back and forth along 
a diameter of the fixed circle. Moreover, if the circle rolls with 
uniform angular velocity, every point of it moves with simple 
harmonic motion. X 


117. The four-eusped hypocycloid. The points where the 
generating point reverses its direction of motion are called 
cusps. Thus the points of contact of the generating pompa and 
the fixed circle are cusps. 

If a=4b there are four cusps. The curve in this case is of 
interest because it is possible to eliminate 0 between the equa- 
tions of Art. 114 and obtain a ample equation connecting x 
and у. 


‘Substituting 9 1 for 5i in eqs. а), Art. 114, Шау become 
3a 
a= 52 сов 0+4 00830=7(3 cos 8 + сов 3 б), 


у= SP sin 9— 2 sin 38— (3 sind — sin36). 


By trigonometry, 
 cos3ĝ=4 КЕТЕ - 3 cos б, 
7 sind @=3sin6—4sin*6. - 
Substituting these values, there result 
| € = a сов?6, 
у= а апей, 


| v ys 
sind = ru 


:* When a point moves with uniform velocity along the circumference 
of a circle the projection of tbe point on any diameter is said to have 
simple harmonic motion. ! 


from which 
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Squaring, adding, and clearing of fractions, 


118. The epicycloid. Тһе epicycloid is the curve К by 
a fixed point on a circle which rolls externally on the circum- 
ference of a fixed circle, ` 


Fig. 111. 


Let the student show from the jr that the equations are 
a+b, 
b з 


y =(а + Бышы bsing t? at? Bo. 


0 = иеа b eos —— 


Notice that the equations differ 
from those of the hypocycloid only 
in having — 6 take the place of b. 


119. The cardioid. The epicy- 
cloid for which the rolling and fixed 
circles are equal is called the car- 
dioid. Its equations are obtained by · - 
letting b = а in the equations of the к. 112. 
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preceding article. They then become 
c = @ a cosl — a cos 2 9, 
y —2asin9 — a sin 20. 


120. The involute of the circle. Ifa thread is wound around 
a cireular form and then unwound, kept always stretched, any 
point of the thread traces a 
curve called the involute of the 
circle. 

To derive its equations: 
Choose the axes as in Fig. 113. 
Let a be the radius of the 
circle, P(x, у) the position of — 
the generating point at апу, 
time, and @ the angle through 
which the radius to the point ` 
of tangency has turned during . Fic. 113. 
the unwinding. Then 


= ОМ= ОМ+ NM= ON + ТРзір 0, 
у= MP= NT — 8Т= МТ – ТР cos 0. 
Now TP = arc AT = аб. | 
.. @ = @сов@ + а 0sin6, 


у= asing — aĝ coso, 
are the equations of the involute of the circle. 


EXERCISE XXVII 


1. Prove that if a circle of radius а rolls along a straight line, a point 
on а fixed radius of the circle at a distance b from the center describes a 
curve whose equations are ‘ 

` z = a0 — bsin 6, у=а— кооз 
Plot the curve for b «a; for b>a. 

These curves are called trochoids. | | 

.2. Devise a method of constructing the cycloid similar to the method 
of constructing the hypocycloid in Art. 115. 
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3. Carefully construct on coórdinate paper а eycloid by the method 
you have described. 
By counting the squares between the cycloid and the line on which the 


circle rolls and the squares in the generating circle, what idea do you get 
of the area of the cycloid ? 


4. By combining the equations of the cardioid (Art. 119) and trans- 
forming to polar coórdinates, show that the polar equation of the cardioid 
is 7 = 2 a (1 — eos 9), where the pole is the р of contact i of the gen- 
шоны point with the fixed circle. 


Fig. 114! - 


Suecesrion. Square and add the equations of Art. 119, move to new 
origin by letting x = x! +a, y=y'; substitute x! = rcosd, у! =rsin Ө; 
complete the square in the terms in r, and extract the square root. Also 
derive the polar equation independently from the figure. (Fig. 114.) 

5. Taking the origin at the point of the cycloid farthest from the 
line on which the circle rolls, and the z-axis parallel to that line show that 
the equations of the cycloid are 

| x — a6 -r-agin6, y =— a + acosð, 
wien 0 is measured from the positive direction of the y-axis to the radius 
of the circle through (x, y), clockwise rotation being counted positive. 

6. Construct a hypocycloid where а = 8 b. 

7. Devise а method for constructing the BTE and apply it it to 
the case where а = 4b. 
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8. Construct the involute of a circle. 
9. A circle rolls along a straight line, and a line through the center of 


the circle turns about a point of the fixed line. Find the equations of the 
locus of the point of intersection of line and circle, and plot the curve. 


‘Ans. ж = a(cot 6 + cos 6), | 
| | y = а(1 + віп 6) for outer point, | 

and | x = a(cot 0 — сов 0), | 
у = a(1 — sin б) for the inner point. 


Fig. 115. 


10. Show that the polar equations of the curves of example 9 are 
r = а(еве 0 + 1) and r = a(csc 0 — 1) respectively. 

11. A circle moves with its center always on a straight line, and a 
second straight line passes 
through the center of the circle 
and a fixed point. Find the 
. loci of the points of intersection 
of the second line and the circle. 

‘Ans. Using the notation of 
` Fig. 116, 


æ = btan 0 + asin 6, 
: y = a C086, for P. 


ж = btan 0 — a sin 9, 


Fie. 116. y =— acos6, for Р!. 
12. Plot the curves of example 11 for b < а, b a,b 7 a. 
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_ INTERSECTIONS OF CURVES. SLOPE Е ОЕ 
TANGENTS 


121. ЕМ of curves. It has been seen that an 
equation in two variables can be represented graphically by a 
curve, every point of which has coérdinates which satisfy the 
equation. Two different equations in the same two variables 
will then in general represent two different curves. If these 
curves be plotted on the same diagram they may or may not 
intersect. The codrdinates of the points of intersection, if any, 
must satisfy both equations, and no other points will have 
this property. Now the values of the variables which satisfy 
two equations are obtained by solving the two equations as 
simultaneous. Hence to find the e poimii of intersection of two 

-. -@urves,, solve the equa- 
tions of the curves as 
' . simultaneous. ` The real 
values of the variables 
so obtained which sat- 
isfy both equations are 
the coördinates of the 
points of intersection of 
the curves. 


ExaAMPLE. To find 
the points of inter- 
-section of the circle 
а? + y? = 16 and the pa- 
rabola 22 =6у. Elimi- 
PO nating ж from the first 
Fio. 117. - equation by substitut- 

142 | 
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ing the value of æ from the second, there results 


from which у= 2 or —8. Substituting the first of these values 
of y in the second equation, there is obtained = = + 2/3. 
The substitution of — 8 in the second equation gives imaginary 
values of х. Hence the points of intersection are (2V3, 2) 
and (— 2V3, 2), or approximately (3.46, 2) and (— 3.46, 2). ` 

On plotting the curves these results are seen to be approxi- 
mately correct.. 


EXERCISE XXVIII 


Find the points of intersection of the following pairs of curves. Check 
graphically by plotting the curves and measuring the coürdinates of the 
points of intersection, 

1. x? + y? = 6, у ae 
2 у= 8х5 +7, 22 + y2-9. 


3. (а) y=22+4, у= 4х. , Ans. (4,1) (Tangent). 
(b) y 222 + .49, у = 42. Ans. (.826, 1.141), (.184, .859). 
(c) у= 22 + -51, y? = 4x. Ans. No intersection. 


4. 244y 316, 2+y=0. 

b. 8xz—9 — 1, 16274 9 y? = 144. 

х+у= 5, 922 + 16 y? = 144. 

x? 4- 9? = 16, 22 — № = 9. ; 

. For what values of b is y = 2x + b tangent to 22 + y? = 9? 

. For what values of b is y — тх + b tangent to х2 фу = 72? | 
10. For what value of p is y? = 2 px tangent toy = 82 4-1? 


11. Prove that the two segments of any line which cuts zy = C in two 
points, included between the curve and its тов, are equal. ` 


оюм 


122. Graphical solution of simultaneous equations. It fre- 
quently happens that when two equations containing two 
variables are given it is not possible to eliminate one of the 
variables, and so obtain an equation with only one variable; 
or, if the elimination is possible, the resulting equation may 
be very difficult or impossible of solution by ordinary methods. 
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In such cases, if the coefficients are numerical, an approximate 
solution may be obtained by carefully plotting the curves and 
measuring the coórdinates of the points of intersection. More 
accurate solutions may then be obtained by methods illustrated 
in the following examples. 

ExaAMPLE 1. To find the intersection of the curves 

Е у = зіп g В ^ (1 

and | y —22z--1. Е; _ (2) 

Plot the curves carefully on eoórdinate paper. 

From the figure the abscissa of the point of intersection 1 is 
seen to be about —.9. Substitute this value in equations (1) 
and (2), remembering that .9 radian = .9 of 57°.3 = 51°34’, and 
there results, | 
from (1) у = sin(— 51°34')= — .78, 
from (2). y= — 8. : 


u 


Fro. 118. | 


This shows the assumed value of æ to be too small, but very 
near to the correct value. a а Fig. 118) 
Try next 2 = — .88. 
Then, from (D, у= sin(— 50°25')= —.771, - 
from (2), y= — .76. | 
This shows the assumed value of ж to be too o large, 80 next try 
2 = — .89. : : 
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Then, from (1), у= sin(— 51°)= —.777, 
from (2), | y=—.78. 


Hence, correct to two significant figures, the solution is 
t= — 89, у = — .78. 


ExaMPLE 2. То solve the equation | 
e—2e+42—-T=0. | (1) 
Let о у=а#—2+ 4—1. ^" (2) 


Then the solution of (1) is the same as the simultaneous solu- 
tions of (2) and the equation | 


Plot the curve of eq. (2). (Figure not shown.) 
‘The following are corresponding values of x and y: 


à © 1.2 09 54^ d Le 3 
y -7T —4 1 4 4 -M -1 —64 


The согуе, із seen to cross the a-axis between 1 and 2, at 
about 1.8. 
Try this value of x in eq. (2); 


y = 5.832 — 648 +7.2 — T = — 448. 


Hence the value of 1.8 for x is too small. 

Try next x = 1.9; then y = .239. 

Hence the value of 1.9 for 2 is too large. 

Plot now on an enlarged scale the points representing x and 
y for x = 1.8 and 1.9, and join the points by a straight line. 
Since the interval is small, the curve probably differs but 
slightly from a straight line in the interval. The line is seen 
to cross at about .65 of the distance from 1.8 to 1.9. "Then 
1.865 is probably a close approximation to a root of eq. (1). 
Substituting this value of æ in eq. (2), there results y=—.0094. 

s i 
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The work of computation, arranged according to Horner’s 
method of synthetic division, is as follows : oo 
1 -2 ` 4 N / )1.865 
'" ^^ . 1.865 —.2518 6.9906 
— 435 | —3.7482 — .0094 
By the Remainder Theorem from Algebra, Е value of y is 
the last remainder, — .0094. 
Since y comes out negative, it shows that in this case the 
assumed value of ж is too small Try then а = 1.866. 
1 —2 4 -7 1.866 
= 5 1.866 — .2500 6.9975 | 
—. .184 8.7500. — .0025 


. Hence у =— .0025. 


Try next 2 = 1.867: | : Е 

1 2—2 Са -T )1.867 
1.800  . —.2483 7.0044 ` 
A33 . 3.7517 0044 

Hence y = .0044. Й 
· The root therefore lies between 1.866 and 1.867 and is nearer 
tothe former. Hence, correct to four инш figures, a root 
of eq. (1) is 1.866. 

Evidently one could by this ‘method РТА а root correct to 
any desired degree of accuracy. | 

ЕхАМРІЕ 8. To solve the equation 


$'—sin2$-0. . | (1) 
This may be treated as in the last example, or it may be 
more Say solved as follows: Plot separately the curves 


| | у = ф? | Q 
and | © у=зш2ф | (3) 
on the same diagram. Then a value of ¢ at a point of inter- 
section of the curves of eqs. (2) and (3) is a root of eq. (1). 
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The figure shows that a value of ф at the intersection is a 
little less than 1. Try then ф = .9. | 

Then from (2) у= .81. 
and from (3) y= .974 

Difference = —.164. 


Substitute ¢=1, 
then from (2) y=1 
and from . (3) y = .909 

Difference = .091 


Plot on an enlarged scale the difference for $ — .9 and $ — 1, 
using $ as abscissa and difference as ordinate, and connect the 
points obtained by a straight line. This straight line is seen 
to cross the axis at about .65 of the distance from .9 to 1. On 
substituting $ — .965 there results 2m 


from (2) y= 931 


and from (38) y = .936 
f ‚ Difference: = 005 | 


| Let the student show that when ф = .966 and .967 the differ- 
ences computed as above are — .0022.and .0004, respectively, 
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and that hence the solution of eq. t0» correct to three ои 
figures, is ф = .967. | 


EXERCISE XXIX 


Solve the following pairs of equations : үе em 


1. у=совх, y? = 48. 2. 10у = 2, у = 10910. 

3. s = вір 37, з = tan 26. 4. z = 0 — віп 0, х = 1 — cos 6. 
Б. у = 22, у = 2. : 
Solve the following equations by Карга] metadas 

6. 22 +5 = 0. 7T. 8—5 +7 = 0. 

8. 20 — сов?0 = 0. 9. 1—6— ап ө = 0. 

10. 9-2 +1= 0. | 


123. Slope equations of tangents. Tangent to the ellipse. 
Let a line of slope m be drawn tangent to the ellipse 


К | | Е а) 


To derive its equation. 
Any line of slope m has г an addon of the form. 

yometk (0) 
If eqs. (1) and (2) be solved as саше the points of in- 
tersection of the loci 
will be obtained. 
‘These intersections 
may be real and dis- 
tinct, real and co- 
incident, or imagin- 
ary, depending upon 
the value of k. It 
is evident from the 
figure that there are 
two values of k for 
5 | | which the line is tan- 
Fia. 120. i gent to the ellipse. 
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Substituting the value of y from eq. (2) in eq. (1) and collecting 
terms, there results 


(0? + a?m?)a* + 2a?mkz ak —07—90. . —— (3) 


The roots of eq, (3) are the abscissas of the points of intersec- 

tion of the line and the ellipse. In order that the line be 

tangent to the ellipse these values of ж must be equal; and 

conversely, if they are equal, so also are the values of y obtained 

by substituting these values of ж in eq. (2), and hence the line 

is a tangent. Now the condition that the roots of the equation 

az'+be+c=0 be equal is uis: == 4 ac. Hou, ше roots of | 
eq: (3) are equal if — 


аат = A a* (I — b?) (+ аёт), 


which seus to 


ПЕ К = b? + ат. 
Therefore the equations of the tangents to the ellipse _ 
а? у? 


with slope m are | 
y = ma + Уат? + 02. 


These equations are called the slope equates of the tangents 
to the ellipse. 


124. Tangent — for reference. The student should 
derive the following equations of tangents to the given curves, 


CURVE | А TANGENT : А 
(D а + = т, Суета тут Т. 
(2) = 1, | у = тх + Уат? + b. 
. 2 2 ; 
(3) а aah у = mc + у аёт? — b. А 
s ks | 
(D ---b 07 мета Уат. 
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(D.w-255- . yame} 2. 
2m 

(6) w=2py, ^ |. PEL – РӘ”. 

(Т) wy = е, А | неч 2V—em. 


_ EXERCISE XXX 
бк (Use the above formulas 1 in solving these exercises.) 


1. Find the equations of tangents to x? + y? = 16 Which have a slope 
equal to V3, Check graphically. ' 


2. Find the equations. of tangents to 9a? +16 y? = 676 which are 
parallel to y = x. Check graphically. . 

3. Find the equation of a tangent to y? = 6 x which is pepada 
to2z—y—3=0. Plot the lines. Where do they intersect ? 

4. Write the equation of a tangent to y? = 2 pz and the equation of a 
line through the focus perpendicular to the tangent, and prove that they 
intersect on the y-axis, ; 

5. Obtain the slope equation of a tangent to the circle from the ее 
tion of the tangent to the ellipse. 

6. Find the equations of tangents to y? = 62 from the exterior РЕТ 
(2, 4). Check graphically. 

7. Find the equations of tangents from (7, 1) to x? + y? = 26. Check 
graphically. - Ans, 3x + 4y — 25 = 0, 4z—8y — 25 —0. 
8. Find the equations of tangents to 92? — 25 де = 225 which pass 
through (— 1, 8). Check graphically, 

Ans. ж—-у+4= 0, За +4у – 9 = 0. 

9, Find the equations of tangents to 12 x? + 5 y? = 30 which intersect 
in (— 8, — 2). Check graphically. | 

10. Show by the use of formula (7), Art. 124, that no tangent can be 
drawn to xy = 8 which has a positive slope. 

11. Find the equations of all lines that are tangent to а? + y? = 26 and 
22--4y2—30. Plot. .- | ' Ans. liy— = +4У1 ж + 1698. 

.12. Find the equation of a common tangent to y? — 2 px and at = 2 ру. 
Check graphically. 

18. Find the equation of the common tangent to y? = 62 and a= = 48 y. 
Check graphically. А 


to 
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14. Find the equations of tangents to 0222 — ay? = 2252 that intersect 
in the origin. ' Ans. The asymptotes, bx — ау = 0, bu + ay = 0. 
15. For what value of m is y = mz + 8 tangent to у? = 42? Plot. 


16. A line is tangent to 22 + y? = 16 and y? = 6x; find its equation. 
How many solutions? Plot. 


` 17. Find the equations of lines of slope 2 which are tangent to 
xi--y?—4z--6gy--5-—0. Plot. 
18. Prove that y—k=m(a2—h)trvl1 + т? із tangent to 
(z—h) + (у – Ю)2 or | 

Suecrstion. Move the origin to (A, №) ; use formula (1), Art. 124, and 
then translate the axes to the original position. А 

. 19. Find the equations of tangents to x? + y? —4 x + 6 y - — 12 = 0, with 
slope 2, by using the formula of Ex. 18. . 


20. prove that y — k = m(x — h) de £ aa tangent to ` 


‚ Q- = i =h) 


21. Find the equation of a ingent to y? —2y — 4х =0 witha НЯ 
equal to 8. 


22. Find the slope € of а tangent to eu + CDL =1, 


. 28. Find the equations of tangents to 422 + on + 8х2 —– 86у +4 = 0 
with slope equal to — 3. 
24, Find the equations of lines with slope вай to 2 which : are tangent 
25. . Prove that а line with slope numerically less than b cannot be 
a. 
— to 5202 — а?у? = q?p3, 
26. Prove that any two tangents to y? = 2 px which are at right “a 


to each other intersect on the line x = = , the directrix. | 


27. Show that any two tangents to та ellipse 5222 + 022 = a2b2 which 
are perpendicular to each other intersect on the circle a? + y? = «a? + b2. 

Sucexstion. The equations of two tangents to the ellipse which are 
perpendicular to each other are ` 


у= тх + Ута EO, | а) 


а D =% Popp Ad EN 
and y= rb ө 
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If these equations be regarded as simultaneous, the values of æ and 9 , 
that satisfy them are the coórdinates of the intersection of the two tangents. 
Jf then m be eliminated between the two equations, an equation will be 
obtained which is satisfied by the coórdinates of the intersection of any 
two perpendicular tangents. | 

In this case the elimination is easily made аз юа Eqs. (1) and i (2) 
may be written 

: у— тс ута? + DÀ, 
and omy +a = Va? + т?й. 
Then square and add. n 

28. Provethat the locus of foot of the perpendicular from the focus upon 
a tangent to the ellipse 52x? + ey = = gb? is the circle à + 02 = а, Check 
graphically. 

29. Show that any “two Е" to the hyperbola b2x? — a?y? = a?b? 
which are perpendicular to each other intersect upon the circle 
x2 + y? = a? — b*, if a > b, but that there are no perpendicular кран 
ifa<b. Whatifa =b? | 

30. Prove that the locus of the foot of the perpendicular from the focus 
upon a tangent to 522 — eu = = oe is the circle z? + y? = a ' Check 
graphically. ` 

-31.- Find the equation of the locus of the foot of the perpendicular from 
the center upon the tangent to py * ay? = a?b?. 

A ; Ans. (27 + у2)2 = а?а? + by. 

32. By transforming to polar coórdinates reduce the equation of Ex. 31 
to the form due = 42 с0820 + b? sin? 8. 

Construet the curve by use 
- of the circles r = а cos 0, and 
r=bsing. (See Fig. 121.) 

33. Find the equation of 
the locus of the foot of the 
perpendicular from the cen- 
ter upon а tangent to the 
equilateral hyperbola x? — y 


= а2 Ans. 
: (a2 + y2)? = af (a — y?). 
Fia. 121. :84. Show that the equa- 


| tion of the locus of Ех. 33 in- 
polar codrdinates і is n= = a? сов 2 6. Plot the curve. This curve is called 
the lemniscate. 


CHAPTER XI 


SLOPES. TANGENTS AND NORMALS. DERIVATIVES 


125. Introduction. In this chapter methods will be derived 
of finding the direction of a curve whose equation is known in 
rectangular coórdinates at any point of the curve; of finding 
the equations of tangent and normal to the curve at any point; 
and some general methods established which will shorten the 
work of computing the slopes of curves. These methods will 
be shown in their application to some numerical cases. 


. 126. Increments. In an equation connecting ж and y, e.g. 
| | 4у=а2 —22-4-4, СИУ 


if а value be assigned to т, у takes a value to correspond; and 
if 2 is given a different value, y will in general take a different 
value. | 

Thus, if «=0, then y=1; if 2=1, then у= $; if х= — 1, 
then у= 1; if» —2, then у= 1. 

Any change in v in general brings about а change in y. 

These changes are most easily seen by referring to the curve 
which eq. (1) represents. Y 
As the point (2, y) traces i 
the curve, both x and y 
change, and the amount. 
that y changes depends 
upon the amount that 2 
changes, and also upon 
the point of the curve from 
‘which the change is reck- 
-oned. Thus, if 2 increases 
by 1 from the value 1, у 
increases from 3 to 1, or 


. Fra. 122. 


158 
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the increase in y is 1; while if x increases by 1 from the value 
2, y increases from 1 to 4, or the increase in y is $. ee ifc 
increases from — 3 to — 2, y decreases from 1? to 12, or it may 
be said that the increase in y is — 1. 

Suppose now that some definite value of 2 is ое апа а 
study made of the changes brought about in y by increasing 
x by small amounts from this definite value. Let the increase 
that is given to 2 be denoted by the symbol Az, read “ delta a,” 
or “increment ж”; and let the increase brought about in y by 
this change in z be denoted by Ay, Tead “delta y,” 0 or “ incre- 
ment y.” ` 

The following table бее values of a, y, Ал, Ay, and the 


ratio M ‚ the value 2 being chosen for x from which to reckon 


the increments. The values of Az are arbitrarily assumed. 


4у= а? 2244. 


———— ААА | 


1.75 


9.5 | 1.8125 | 5 .625 
2.1 . 1.0595 . 25. .525 
2.01 ` 1.005025 01 .5025 
2.001. 1.00050025 — .001 .50025 


ирен: 


An examination of this table shows that аз the increment in 
х is made smaller and smaller the corresponding increment in 
y becomes smaller and smaller, and approaches the limiting 
value zero when Az approaches the limiting value zero. The 


ratio a, however, does not approach zero, but approaches the 


limiting value . when Az approaches the limiting value 0. 
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127. Slope of the curve at any point. Look now at the geo- 
metric meaning of these facts. If P and P' denote the points 
(2, 1) and (2 + Az,1-- Ay) — Y. | 
on the curve, then Az and 
Ay have the values shown - ' 
in the figure, and the ratio 
M is the slope of the 
secant line through P and. 
Р'. As Дх approaches the 
limiting value zero, the 
point P’ moves along the 
curve to the limiting posi- 
tion P, and the secant line through P and P' turns about P to 
the limiting position defined to be the tangent to the curve at 
P. Hence the slope of the tangent line at (2, 1) is .5. 

Derinition. The slope of a tangent to а curve at any point 
is called the slope of the curve at that point. 

' The method here employed is a general one. Ву it one can 
compute the slope of the curve at any point. The table of 
values need not be computed, as in the preceding article, for 
this purpose. 

E.g. to find the slope of the curve at the point where s= 8 
one may proceed as follows: 

Substitute z = 3 in the equation; then y= le 

Take a point on the curve near P(3, D. It may be repre- 
sented by P'(3 + Az, 1 + Ay). 

Sinee this point is on the curve, its eoórdinates must satisfy 
the equation of the curve. 


"AT Ay)=(3 diede E. 


Fig. 123. 


or Fh Ay = 946 Ax + Ad 6242 f, 
or Е 4 Ay = 4 Az + Ax. 
RM Ay 4442 
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* 


As Ax approaches the limiting value zero, i.e. as Р! moves 
along the curve to coincide with Р, the ratio ae approaches 
. + К a 5 


the limiting value 1, which is, therefore, the slope of the tan- 
.gent line to the curve at the point (3, к 


' EXERCISE XXXI С" | 
1. Compute the value of Ay when Ax = .01 for x = .5, 1, 10, He 
tively, in y = 23. : 

2. Compute the slope of the curve oo 12 — TERN at the points 
where s=- 1, z— 0, 2—4. | MT 
` 8. Find the slope of the curve 8y = 28 +1 а the points where 2 = 1, 

3, 0, — 2. 
4. Write the equation of the tangent line to the c curve of eq. (1), Art. 
126, at the point (3, }). 


128. Equation of the tangent to & curve at any point. Asa 
second uns let it be теша to find the slope of the tan- 
' gent line to the curve 
4а? 4+y=4 (1) 
"at any point (£o уу) on 
the curve, and the equa- 
- tion of the tangent line 
at that point. 
. :Let Pa у) be any 
. point of the curve and Q 
(2 + Az, yo + Ay) a point 
of the curve near P. For 
convenience Ах is taken 
. positive, and then Ay 
. will be positive or nega- 
tive according as the 
|  eurve rises or falls to- 
i | ward the right from P. 
In the figure, for either posti shown, PM=Az, MQ = Ay. 
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Then 2 slope of the secant line PQ, and hence t the limit- 


ing value of ^ " AY as Да approaches the limiting value zero, is 
x 


the slope of the tangent line to the curve at (2%, Уо). . 
Since (£o yo) and (%-+ Az, y+ Ay) are points on the curve, 
the eoórdinates must satisfy eq. (1). 


ССИ ZO 

and 4 (ж + An) (Yo + Ay)*— 4. (3) 

Expanding eq. (3) and subtracting the corresponding mem- 
bers of eq. (2), there results | 


8a Az + 4 år +2 улу + Ау — 0. (4) 
Every term of this equation contains either Ay or Az as a fac- - 


tor. Take to the right member all the terms containing Az 
and factor the two members of the equation. Then 

Ay(2 у + Ay) = — Ax (8 m +4 Ax), 
ee С 7 by _ Bm + han (5) 


Ах · 2w-T-Ay 
As Q moves along the curve to the limiting position P, both 
Ах and Ay approach the limiting value zero, and the right 
member of eq. (5) approaches the limiting value, 
NLIS 
Yo 


Hence — 4m is the sions of the tangent line to the curve at 
EE Py i 


(2 уо). 
Since the equation of a line of slope m through (a, y)i is 


‚ y — yo = т(2 — 2p), ў 
therefore the equation of шн Ышш line to iis curve a 
(2%, Yo) is i | | 

y— m= — Ee =). a » 6) 
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"This equation may be put into а a simpler form as follows: 
Clear of fractions : 


IR Yoy — ouis 
or _ Aag + yoy = 4 жу + yo. 


The right member of this equation is, by eq. (2), equal to 4, 
Therefore | (0 4200400 =4 С. (7) 
is the equation of the tangent to | 

4 а + yi =4, 
at (2, yo). 


Since in eq. (7) (2%, "S may be any point on the curve, the 
equation of the tangent line at any partieular point may be 
written by DUERME for ж and у, the codrdinates of that 
point. | 
Thus the РИТ at (4, УЗ), whieh is a puro on the curve, 


is © © 24 VSy-—4. 

The student must поб fail to recognize the fact that in eq. 
(7) % and у, are the eoórdinates of a fixed point, the point of 
tangency, and that х and y are the variable coórdinates of any 


point on the tangent line. | 


129. The normal. The normal to a curve at any point is 
the line perpendicular to the tangent at that point. 

Since its slope is the negative reciprocal of the slope of the 
tangent, the equation of the normal to the curve of the pre- 
ceding article at (20, yo) is 


y— = Yo i у). 


EXERCISE xxxi 


Find the equations of tangents and normals to the following curves at 
the points assigned. Check graphieally by p the curves and the 
lines whose equations are found. 

1, у2=4х 94 (1, — 2). 
2. x? + у? = 25 at (— 8, 4). 
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yf = a at (дь Yo) ; at (0, 0), (1, 1), (4 8). 

. y= mx + bat (жу, уо). | 

‚ y =x? +420 — 5 at the points where the curve crosses the 2-axia, 
22 — y? = 16 at (5, 8). 

. gy =8 at (2, 4). 


8. At what angles does the line y 23z--2 cut the TN 
у=? +5 — 6? (By the angle between two curves is meant the 
angle between their tangents at the point of intersection.) 


9. Find the angles at which z? + y? = 25 and 42? = 9 y intersect, 
10. Find the point on the curve of example 5 where the slope is zero. 


мос Ф 0 


‘11. Find the роіпё ор the curve у = — 22 — 8 ж + 2 where the slope is 
zero. Find also the point of the curve where the slope is 1. Where 2. . 


130. Tangent equations for reference. By the method used 
in Art. 128, the student can show that the following are the 
equations of the tangents to the given curves at the point 
(£o у). 


* EQUATION OF CURVE -EQUATION oF TANGENT . 


e A +Y = ғ, i | жге + yy = 2. | 
у? = 2 pa. YY = P(E + A). 
ж? = 2 py. жу = p(y + Yo). 
а? yb aye Ny _ 
tibl a ios 
а? y?. 1. у WW. 
a b ao Ы? 
у = е. m (y + уу -2c. 


The student can more easily derive these equations after 
reading the remainder of this chapter. 


DERIVATIVES. FORMULAS OF DIFFERENTIATION 
131. Definitions and Notation. In the preceding articles the 
limiting value of n: as Ax approached the limiting value 0 at 


any point of the curve was found to represent the slope of the 
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tangent to the curve at that point. This limiting value of n 
2x 


is of great importance in much advanced mathematical work, as 
well as for the study of curves. It is therefore worth while 
to assign a special name to this limiting value, and to develop 
short methods for computing it in given cases. . 

Derinition. Given a function y, of a variable x, and а 
.pair of corresponding values of ж and у; if then an increment 
Az be given to p ee about an increment Ay in y, the 


limiting value of d M as Ax approaches the limiting value Zero, 


is ealled the udis of y т respect to x for that value of a. 


- Notation. The symbol 4 ds is used to denote the derivative 


of y with respect бо 2. The symbol PA means the value of 
= 


that derivative for the value ж, of a. 
Thus in Art. 128, in the equation 4 2? + y? = 4, 


йу) _._4% 
адаа Е Yo° 
a c eet 
at) a= v3 


132. Geometric шеш of the derivative. А КОС y, of 
a variable z, may be represented 
graphically by a curve. 

Let ж, and y, be a pair of cor- 
responding values of æ and y. 
. They are then the eoórdinates 

‚ of some point on the curve. If 

an increment Ax be. given to 2, 

then y takes an increment Ay, 

as illustrated in the figure, 

Fia. 125. ‚ С: where PM = Ax, МӨ = Ду.: . 
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` Then ây is the slope of the secant line чен Р(х, Yo) 


and Q (a+ Az, y+ Аў). 

Let Q move along the curve to the е limiting position P; Az 
and Ay both approach the limit 0, and the secant bine ap- 
proaches the limiting position ii FA tangent to the curve at Р. 


Hence the limiting value of 20 n as Ай approaches the limit 


0, is the slope of the tangent to т curve at P(x, Y). There- 


fore, А 


СУ] = the slope of the шык to the curve at (ду, T 


The process of бешш the derivative is called differen- 
tiation. 


133. Continuity of functions. In the foregoing it was as- 
sumed that y is a single-valued, continuous function of æ for 
all values of z under discussion. The meaning of this is ex- 
plained in the following definition. í 


Derinition.- A. function y, of a variable æ, is said to be 
a single-valued and continuous function for all values of 2 
within an interval, if for each value of x in that interval there 
is a single, real, finite value of y, and if y changes gradually 
as х changes gradually, ¢.e. such that the change in y caused 
by a change іп x, anywhere within the interval, can be made 
small at will by making the change in 2 small enough. | 

If y becomes infinite as æ approaches a certain value as а 
limit, y is said to have an infinite discontinuity at that value 
of ж. І | ‚ 

If, аз х passes through a certain value, y changes suddenly 
from one finite value to another, y is said to have a finite 
discontinuity at that value of 2. 

ЕхАМРІЕ 1. Iny= — as z approaches the limit 2 from 
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either side: y increases indefinitely i in numerical value, Hence 
y has an infinite discontinuity at © = 2. 
1 


7—1 
К 1. 


very small, 2 is very small and y is very near —1. Again, 


ae ee 2. Іа у= 


if x is negative, but numerically 


1 


y may be written y= ec zs 

1+2 * 
very near 1 when z is positive and very sina Hence as 2 
passes through 0 from negative to positive, y changes suddenly 
from —1 to +1. Therefore y has a finite т at 
= 0. 

All, or nearly all, of the functions with which the student 
ordinarily deals are either continuous or have infinite discon- 
tinuities at definite points separated by finite intervals, and it 
will be assumed in what follows that the functions dealt with 
are finite and continuous for the values of the variable con- 
sidered. 


, from which it is evident that y is 


134. Formulas. In the following articles some general for- 
mulas of. differentiation will be developed which will shorten 
the work of differentiation in certain cases. 


135, Derivative of а constant. 'The derivative of a constant 
is Zero: 


- Proor. Let С be any constant. Since С does not change 
as x changes by any amount Аз, the increment in C is zero; 
i.e. АОС = 0. 


"е | ` eid © F —~=0. - 
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Therefore the limiting value of АС is zero, | 
or Б : І — =U. 

This n may also be seen geometrically by letting (= а This 
is the equation of a straight line parallel to the a-axis. Тһе 
value of 21 at any point of this line із zero. (Art. 132.) 


d : C dO 
Hence = 0, or since g= C, „= 0. 


136. Derivative of a variable with respect to itself. The 
derivative of a variable with respect to itself is 1: 


dr 
- dx ч 
PRoor. Am. 1. 
Ax 


Therefore the limiting value of x is 1. 
. | z 


The student should illustrate this geometrically. 


| 137. Derivative of a constant times а function. The deriva- 
tive of a constant times a function is equal to the constant 
times the derivative of the function: 


TO и) _ = cd, 
dx’ 


where С is any constant he и is any function of g. 
Proor. Let Ж у= Ои. . 


Let т take a particular value х. Then и and y take corre 
sponding values u, and у, such that Ё 


= Оц 
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Let z take an increment Az; then w and y take increments 
Au and Ay such that 


Yo + Аў 0 (u + Au). 


By subtraction, { Ау = О. Au. 
` Divide С A2; Ay. uu 
Az Ах 
Ава Ах oS the limit ee ana 4 Au approach the limits 
x and 2" : 
dz. da. | 
. dy du 
Ec NE uH 
ах |2 02|. 


Since 2% is any value of z, then 


ау _ du 
2Y — с 2” 
dz ах’ 


or, since у = Cu, 


d(Cv) = c d 
um 


ах 


188. Derivative of а sum. The derivative of a sum of func- 
tions with respect to any variable is equal to the sum of the 
derivatives of the functions with respect to that variable: : 


£ — du, dv á 
ОН) du 4 $05 дш. i 


Ркоок. or two functions.) Let w and v be two functions 
of 2. 


. Let puce y =u Fv. 
Let z = x, then Yo = Uy F Vo. 
Letz-m-Azsthen © 

mE Yo + Ay = Uy + Au + v + Av. 
Subtracting, © Ay = Au + Ат. 


а я | 2 165 


(Ag Au, А» 


Divide by Aa, Wo mirc Та: = 


Let Az approach the limit 0; 


(dy EI B 
das dz. dz |.) 
= | d du , dv 
о ; ==. = — —. 
: de “+” do a 


A similar proof Holds for any number of базно 


139. Derivative of a product, The derivative of the product 
of two functions is equal to the sum of the products of each 
function times the derivative of the other: 


Proor. Letu and v be any two functions of a. 
Let ^ . y = uv. | 
Let T= Soy then Yo = gto 


Let x = a + Az, then 
Yo + Ay = (w + Au) (v, + "m 


Subtracting, Ay = (ws + Au) (vs + Av) — us vs 
x А i = Uy Av + w Au + Au- Av. 
жо ME an Ay Ар Au , Au 
Dividing by Аг 2 шш —+—-A» 
ТОШЕ OJ AG "Aso 5 Az A 
Let Ax approach the limit 0; then Aw, Av, and Ay each 
“approaches the limit 0, and the limiting values АУ, x ‚ and 
х Ag 


Av 
Ag Be respectively, the derivatives of y, u, and v › with respect 


to 2 for the value 2. 
dv 
oe — = и, = 


шы 


s 4% 


= dæ 
0 


ET 


ах 
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or, since % is any value of æ, and у = wv, 


à (uv du. 


dv 
de "ds! d TTE 

In a similar way a formula may be derived for the derivative 
of the product of three or more functions. However, one may 
make use of the formula just proved to obtain the derivative 


of the product of more than two functions. Thus, 


(ио) y d (ow) | (du 
C dm dt T 


dw dv du 
=u tet ae [+ ae 


da dx ах 


140. Derivative of a quotient. The derivative of the quo- 
tient of two functions is equal to the denominator times the 
derivative of the numerater, minus the numerator times the 
derivative of the denominator, divided by the square of the de- 
nominator: 


йи _ „dv 
ны аса 
da 7 с v? 
Proor. Let y-7, й 
then, _ | | vy = и. | 
Differentiating, using the formula of the preceding article, 
a dy , ,dv du. 
И da +y dæ dg 
LI , dw _ dv 
"ON dy dy dæ da 
Sol for — а 
olving i 25 2 a 
Replacing y by Е, 
du dv 
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141. Derivative of the power of a function. The derivative 
of the nth power of a function is equal to » times the function 
to the power n — 1, times the derivative of the function: 


аси”, — йи, where n is constant. 


Proor. (1) » а positive integer. 

Let : yw. 

Let «=, then © Yo = Uy". 

Let x = %+ Ax, then y, + Ay = (tt + Au)". 


Expanding (и + Aw)" by the binomial theorem and sub- 
час, 


Ду = nud’ Au + "0, а ‚Аш iei id Аш. 


Every term on the right Esa the first contains Av to a power 
higher than the first. Set out the factor Av and divide both 
members by Ag: 


1 =|» nu pgti- 1) ETENA ‚+ Au 23 


` Now as Az approaches the limit 0, so do Av and Ay. The 
limiting value of the quantity i in the parenthesis is therefore 
nu". 


t. dy : n=l du : 
dale s dall 
or ао) = nu"! w, 
M da dæ | | 
(2) n a negative integer. Let п = — т, where m is a posi- 
tive integer. | 
Let у= и" = uma. . 
1 u І 
Differentiate, using the formula. for the derivative of а 
quotient, u" di 1 d(u™) 
: dy dz 


a ш" ——— 
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But ai = 0, by Art. 135, and since m is a positive integer, 


d(u") БУЛЕГЕ ЕЯ Ъу part (1) of this article. 


dz 
e dy - Rd] ыы ы ти" йи 
' dæ uw dæ 


da 


| du . | | 
= nu"! dz since п = — m. 


(3) n a rational fraction. Suppose n — d where Р and 9 are 


integers, either positive or negative. 
р 3 


Let (8 oou gm utem ut 
Raise both members of this equation to the gth power; 
yi == и”. 


Since both p and q are ве the formula of this article 
may be applied, T | , ; s 


"gy t= pr du, 
da Ld ~ 
" dy _ pur? du du >> a 
dz qr dz. 
к p-? 
"Now | ут = (uaa А 
ay pur du 
'"* dæ q dz 
u 
f =P 2du 
q“ dz К 
n-1 du 
= һи А , 
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Hence 00 LEE: if n is an integer or the ratio of two 
integers. 

The proof can be extended to include irrational values of m, 
such as V2, v, etc., but it is not sufficiently еен to be 
given here. н 


142. Summary. The above formulas are here collected and 
numbered for convenience of reference. 


| . dC. 
I. dx 0. 
d». 
II. | d~ =1. 
4(Си) _ (du 
III. LUE SC | 
d du , dv , dw 
| IY. du (tou) 
ў AUV) _ 9° аи 
з UE dx. Mae de: 
u du ,,dv 
VI. a(t) vastas 
007 dc _ vio 
VII. dO = nun? йи, 


143.  Tllustrations. EXAMPLE 1. To find the Herivalaye of 
a 4-3 22 -- 5 with respect to 2. 


енер NE аза) ав by IV, 
-32243 240 = +0, by I, III, VII, 
BON s by IL. 

ЕхАМРгЕ 2. Given 2408 + УВІ; to find E 
dz _ E еу, | by IV, 
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—4.8B. EE TCR MELD, by III and VII, 
=12 ё += gC + ters z +0), . by IL and IV, 


eer 


t 
у + 
| de. 


ЕхАМРІЕ 3. Given pv —4; to find 7 


Differentiate both members of the Е with respect to v; 


d(pv) _ 22), 

dv. dv’ 
| | dv dp 

nid £=0 

we Past ae Ps 

or К à ppodPoo 
| | dv 

S. db. P. 

dv v 


EXAMPLE 4. Given the ellipse 42? +y? —16; to find the 
slope of the tangent line at (1, 2v3 8). 


The slope of the tangent line required'i is the value of 27 at 


the point а, 2V3). (Art. 132) . 
Diserenmung p both members of the equation with respect oe: 


| dæ dz 
dy __ _ 4а 
"dz y А 


` Hence the slope of the tangent at (1, 2V3) is - 3 
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‘The student should draw the ellipse and the line through 
(1, 2V3) with slope Е ү 
УЗ 


EXERCISE XXXIII 


Find the derivative of each of the following functions with respect to its 
variable. The quantities a, b, c, m, n, are constants. ап other letters 
represent variables. 


1. у=2 Уз dub 7T. z5 f — t7 
. С $ . 2.1 
2 ©. Е =), 
® у= алй ba 2 y Bol 4 
3. y-vxrraho 5 7 0c 9. у=(х + a)*(z + b)". 
t+a ` ` 10. gzü. 
= — | gn 
‘t-a@ 3i i Susie | 
i . Yy = (ах А 
5. y=xzve +1. y НИХ: 
; g i 12. =| -— Ф M 
- vi -č +i. mo Y (2+) ne 24 


Find the equations of the tangents to the following curves at the given 
points. Check by drawing the curves and the lines. 


13. y= тх + b at (жо, уо). 18. xy =8 at (2, 4). 

14 y=4a%at (1,4)... 19. 422 +4 16 y? = 16 at (v3, p. 
Е . i 

b. y= 2). : t (2,1 

15. y?—4z at (1, » | 0 y- Gai” ( ). 

16. 22 + y2 = 25 at (-4, 3). (91. у= a? + bz +cat (хо, Yo). 


17. 2?—y?=9 at (5, 4). | 22. x= ay? + by + с at (xo, уо). 
23. Carefully construct the curve ро = 4, and by drawing tangents 
(approximately) at various points and measuring their slopes, verify the 


result found in example 3, Art. 148, viz. 2 = =f, 
v 


24. Derive the equations of the tangents to the curves of Art. 130. — _. 
25. Show that the equation of the мено ах? 4- by?4-cx 4- dy -e—0 
at (жо, Yo) is 
ахо + byoy + Ча ++ SU + уо) +e =0. 


26. Show that the equation of the tangent to y = 25 at (хо, yo) i is ` 
ut + 2yo _. IM 
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. 27. Show that the equation of the tangent to y = ax" at (хо, yo) is | 
p Die = ахо 1х. 


28. Show that the equation of the tangent to 
ar ax? + bxy + cy? + dz + ey + 7 = 0 at (xo, yo) is — 
| ахох + (хоу + You) + суоу uU CERO yo) 4- f — 0. 


144. Limit of the ratio of а circular arc to its chord. 

In Fig. 126 let BD and AD be tangents drawn at the ends of 
the circular are АВ. Then, since the arc of a circle is greater 
than its chord and less than any line 
which envelops it and has the same 
extremities, 


chord АВ < are AB <2 BD. 


1 < are АВ 2 Вр. 

= chord AB > МВ 
Now let the point A move along 
the circle to the limiting position B. 
The line through А and В approaches the limiting position as 
tangent at B, and hence the angle MBD approaches the limit 0. 


Ета. 126. 


Hence 2 , which is equal to вес МВР, approaches | the 


limit 1. 
are AB 
chord AB 
arc approaches the limit 0; for it lies between 1 gud a quan- 
tty whose limit is 1. Е 


` Therefore the ratio approaches the limit 1 as the 


145. Circular or radian measure of an iuis The radian is 
defined to be the angle at the center of a circle whose arc is 
equal in length to the radius, Hence if the length of an arc 
of a circle be divided by the length of the radius, the quotient 
is the number of radians in the angle subtended at the center 
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by the given = or 


* are 
radius 


= angle (in radians). 


‘Hence in a circle of radius 1, “the arc equals the angle.” 
That is, the number of linear units in the arc is equal to the 
number of radians in the subtended angle at the center. 


146. Limit of 5... In Art. 144 if decre hay a Тай 


equal to 1, and if the angle MOB is called 6, then chord 
AB= 2 sin 6, and are АВ = 2 0. 


are AB -2 : 
` chord АВ sinÓ 


Therefore the ratio R approaches the limit 1 when 0 ap- 


proaches the limit 0. 


147. . Derivative of the sine. | 

Let y = sin u, where vw is a function of a. 

In a ‘circle of radius 1, let ДОР be an 
angle at the center whose measure in radians © 
isu. (Fig. 127.) 
` Then MP= sinu. .. ИР: у. 

Let 2 take an inerement Az, bringing 


the angle POQ. 
Then are PQ = Au, and SQ= Ay. 
- In triangle PSQ, — tar 
Ay = chord PQ- sin SPQ. 
. AY_ an gpo , chord PQ. are PQ ` 
& Ag 7 sn SPQ “шолу ду” 


or, since аге PQ = Au, 
chord chord PQ Aw. 


Ay А 
—=sin SP 
Ax пары аге PQ Ax 
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Now as Az approaches the limit 0 so also do Av and Ay; 
the line through P and Q approaches the limiting position of 


the tangent at P, and hence the limiting value of SPQ is 25 ч. 


f точ PQ. 


Also the limiting value о Q is 1. 


or 


`- 148. Derivative of the ons In Fig. 127 let 
E = 0050; 
then H, OM =z, NM = — Аз. 
*, — Az = cos SPQ - chord PQ. 
—Az_ chord PQ Au 
| ; Ах Ont are PQ CAS 
Therefore, letting Az approach the limit 0, 


| | d(cosu) _ _ du. 
ог a sin u dx 
149. Derivatives of sine and cosine of an angle not in the 
first quadrant. The foregoing proofs have assumed the angle 
to be in the first quadrant. Proofs could as easily be given for 
the other quadrants, or they may be made to oa pee those 
above. . 


E. 9. to find din) for a value of u in the second quadrant. 


Let u= 2 ZU; then sin u= COS 0, COS tí. — — sin v, and 2. = D 
d d ; 
А E x ов) = sino ®, by Art. 148, 


= cosu — ш —, as before. . 
dz 
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Analytic proofs of the above formulas which are independent 
of the size of the angle are given in text-books on the Calculus. 


150. Derivative of the tangent. 


Let ++ ys tan. 
Qo, nv. 


COSU 


икн by the formula for a quotient, 


COs u (віп u) _ d x sin и @0в м) P ы 
® ae 


. dy _ 
dz eos? u 
` eos м cos и P — sin м (— sin и)“ 
; ах dæ- 
= 
eos? u 
(cos? и + sin? и чу 
A . соз? u ' 
d(tan u) du 
or = 2425, —e 
da secu da 


151. Derivatives of cotangent, secant, cosecant. The student 


can show that the following formulas hold: | 
` d(cot ш) _ — ese? ,, 9, 98е) _ ес du f 
. dæ dz! dæ da 


d(esew) _ 
dæ 


152. Summary. The formulas for the differentiation of the 
trigonometric functions are here collected and numbered con- 


secutively with those of Art. 142. 
а(ѕіп м) _ du 
VIII. а Teos dæ . 


а(соѕи) _ au 
IX. dx — sinul% dz 
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E dr 
xd (соём) = — ese иби, 
| | XIL зеен) = secu tanu ft, 
XIII. dese) — = — езеш соби t. 
153. Tlustrations. The TN Pistola. jue with 
‘those of Art. 142, enable one to find the derivative of any alge- 


braie expression involving trigonometric functions. The fol- 
lowing examples will help to make this clear. 


ЕхАМРІЕ 1.. Given y-sin*22; to find 2 
Ву formula VII, dY _ 3 gin? 2m d(sin 2 шу, 
a ах dæ 
‚ By VIII and I1, (Sin 22). cos 5, d(27) 
dæ dæ 
= 2 cos 22. 
-, YY ыб sin? 22 cos 22. 
ах 

x * . d 

ЕхАмрІіЕ 2. - Given z= V1+2 tan? 3s; to find ES 

ByVI, = ` б=т (L+2tan’ 39) запазы) 


By IV, I, ПІ, VII, and X, 


то 38 4 tan 3s. sec? 38. T 


: ‚ d; ê tan 3ssec?3s ds 
dt V1i+2tan?3s dt 


154. Other derivative formulas. Formulas for the derivatives 
of the inverse trigonometric functions, sin^! и, etc.; ће loga- 
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rithmic functions, log, «; and the exponential functions, а”, и, 


are derived in text-books on the Calculus. 


The foregoing formulas will be sufficient for use in showing 
the application of derivatives to the study of curves, which is 
given in the next chapter. 


EXERCISE XXXIV 
‚ Find the derivative of each of the following functions with respect to 


its variable : 


1. у = а со? х + b віп? x. 


2 у= 4 (ап52 2. 


3. z — sin? t, А 
4. з = cos? x — sin? x, 
Б. у = cos? (az + Б). 
6. y 8602, . 
У = св? а | 
7. у = вес 8 х. 
LS tan 2# А 
1+80# 
- 9. y = sin? g vsec 2. 
10. y = tan” mx. 


11. y = вес2 5 — esc? w. 
12. у= 1 | di 

sing ` 
13. 2 =} tan80 — tan 0 + 0. 
^14 у= х sing. | 
15. у = tang. 
16. y = (віп х) x — 1. 
17. у = cot 4x све 42. 
18. z= m cot" qx. 
19. y=2(sinz—cosz). ` 
20. q = а sin" Ы. 
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MAXIMA AND MINIMA. DERIVATIVE CURVES 


155. Maximum and minimum points of а curve. In the 
diseussion that follows the curves are supposed to be such 
that the ordinate is a single-valued, continuous function of 
the abscissa. If the curve as a whole is not single valued, it 
can be divided into portions each of which is single valued. 

For convenience, such a curve, or portion of a curve, may 
be thought of as generated by a рош moving from left. to 
right. 

. If, as the curve is so traced, the generating point rises to a 
certain position and then falls, that position is called a maxi- 
mum point of the curve, and the ordinate at that point is 
called a maximum ordinate. If ше generating point falls to 
." а certain position and 
then rises, that position 
is called a minimum 
point of the curve, and 
the ordinate at that 
point a minimum ordi- 
: nate. 
Fic. 128. | Thus А, C, and Е are 
. maximum points, and y, 
Уз, and у; are maximum ordinates, while B and D are minimum 
points, and y, and y, are minimum ordinates of the curve in 
Fig. 128. | 

According to the above definition a maximum ordinate is 
not necessarily the greatest ordinate of the curve. The defini- 
tion requires only that a maximum ordinate shall be greater 
than the ordinates immediately to the right and mE of it. 
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At a maximum point the curve is said to change from rising 
' to falling, and at à minimum point to change from falling to 
rising. 

156. Determination of the maximum and minimum points of 
a curve. The location of the maximum and minimum points 
‚ of a curve whose equation in rectangular coórdinates is known 
may be determined by use of the derivative. The method 
employed is а general one, but the solution of the equations 
is sometimes impossible. In.the сазе of equations with nu- 
merical coeffieients, however, an approximate solution can 
always be obtained. 


It was shown in Art. 132 that au for any point of the curve 
-is equal to the slope of the tangent to the curve at that point. 
. Then if w is positive for a given point of the curve, the tan- 


.gent line at that point makes with the z-axis an angle less 
than 90°, and hence the curve rises toward the right from that 
point. If w is negative for a given point of the curve, the 
tangent at that point makes with the x-axis an angle between 
90° and 180°, and hence the curve falls toward the right from 
that point. 


Of course this rising or falling may continue for a very 
short distance only. 


Figure 129 illustrates points of the curve for which 9 


respectively positive, PASE S and nep 


жарче NS 


DO ds = 0 f DIT 
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It follows from the above that if a point, in moving along 
the curve from left to right, passes through a position for 


which w changes from positive to negative, the curve changes 


at that point from rising to falling, and hence that position is 
a maximum point of the curve; while if a point, in moving 
along the curve from left to right, passes through a position 


for which ou changes from negative to positive, such a posi- 
tion is a minimum point of the curve. | | 
The derivative au usually changes sign by passing through 


the value zero, so that the tangent at a maximum or minimum 
point of the curve is usually parallel to the z-axis. However, 
| it may change sign 


E : "E — by becoming infinite. 
з ч ы In such а сазе the 
4 | К. LOB tangent is parallel 


to the y-axis at a 
maximum or mini- 
Maximum Points. . Minimum Points. | mum point. A point 
| EM К: of this kind is called 

a cusp-maximum, ог а cusp-minimum. (Fig. 130.) 

It does not follow, conversely, that if the tangent at a given 
point of the curve is parallel to one of the coórdinate axes, the: 
point is necessarily a maximum or minimum point. The curve 
may cross the tangent at that point. (See Fig. 129.) 

The above discussion applies to only those parts of a curve 
for which neither eoórdinate becomes infinite. ` It frequently 


happens that as s passes through a certain value, oe changes 


sign, but neither a maximum nor minimum point of the curve 
corresponds to that value of æ, because y there becomes infinite. 


157. Illustration. To find the maximum and minimum 


MAXIMA AND MINIMA 181 


points of the curve ` 


6y=2e°— 3362-12 ` (1) 
Differentiating, 6c! = 6a? 6 x— 36. | 
| QE жыны | O 
—(z + 2)(x — 3). 


‚© From this it is seen that if æ has any value less than — 2, 


both factors of » are negative, and hence a is positive. The 


‘curve NDS. rises toward the right at all points for which 


: If х is greater than — 2 but lens than 3, КОЛ of су 18 


positive and the other negative, and hence » is negative. The 


curve therefore falls toward the right for all values of a be- 
tween — 2 and 3. | 


If 2>3, a is positive, and hence the curve again rises 
toward the right for all values of x > 3. | 

` Аз æ passes through — 2 from left to right, » = Changes from 
positive to negative, and hence the point of Шо curve for which 
æ = — 2 is a maximum point; i.e. (— 2, 54) is a maximum point. 

As æ passes through 3 from left to right, a changes from 
negative to positive, and hence (3; — 151) is a minimum point. 

Figure 131 shows the curve plotted fram these considerations 
and a few additional points through which it passes. 


The meaning of the dotted curve is explained in кав next 
article. P aod 
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158. The first derivative curve. The facts of the preceding 
article are clearly brought out graphically by plotting the curve 
- of eq. (2), using ж as abscissa and 


dy as ordinate. 
da 


For convenience let E. be rep- 
resented by z. - Then eq. (2) be- 
comes —— | 


This curve, being a parabola, 
‚ їз easily plotted, It crosses the 
x-axis at — 2 and 3, has its vertex 
at (1, — ?*$),and its axis parallel 
to the y-axis (Art. 81). The locus 
is the dotted curve in Fig. 131. 
The original curve will be re- 
ferred to as the primitive curve, 
and the curve just described as 
the first derivative curve. 
From the relations established 
in the preceding article, it follows 
that for those values of x for 
which the first derivative curve 


Fro. 131. 


is above the x-axis, that is, z, or u, is positive, the primitive 
curve rises toward the right; for those values of ж for which 
the derivative curve is below the a-axis, the primitive curve 
falls toward the right; for a value of x at which the first de- 
rivative curve crosses the x-axis from above, in going from left 
to right, the slope of the primitive curve changes from positive 
to negative, and hence thé. primitive curve has a maximum 
point; and for a value of ш at which the ‘first derivative curve 
crosses the z-axis from below in going from left to right ше 
primitive curve has a minimum point. Е 
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Moreover, the value of the ordinate of the first derivative 
curve gives one a good idea of the rapidity with which the 
primitive curve is rising or falling. Thus, if for a certain 
value of 2, the ordinate of the first derivative curve is positive 
and numerically large, the primitive curve is rising rapidly 
toward the right for that value of æ; while if the ordinate of 
the first derivative curve is negative and numerically small, 
for a certain value of а, the primitive curve is falling slowly 
toward the right for that value of 2. . 

This is at once evident on remembering that the ordinate of 
the first derivative curve is equal. to the slope of the primitive 
curve e for the same value of x. 


* Й 


(159. Concavity. . Suppose that for s = х, the first genaue 
curve has a positive slope. 

Let 2, 2, and 2, be the ordinates of points on the derivative 
curve for the values 2$, 2, — Ax, and a% + Ax еаресе у, and 
let Az be chosen small enough so that zı < % < 2,* 

Then, since the values of z are equal to the slopes of the 
primitive curve for the same values of z, the tangent to the 
primitive curve must have turned counter-clockwise as z in- 
creased through a, from %—Aztom+Az. This is true 
whether 2, be positive, negative, or zero. (See Fig. 132.) 


Exercise 1. In the curve y= 2? +224 4 draw the deriva- 
tive curve, measure the ordinates at х = 14, 2, 21, and draw 
the tangents to the primitive curve at points corresponding to 
the selected values of x. How would the tangent to the prim- 
itive curve turn as æ increases through 2? Do the same FOr 
2=— 21, — 2, — 11. | 

* This is possible since the slope of a curve © апу volt is the limiting 
value of the slope of a secant line through that point and а neighboring point 

_of the curve. The secant line, cutting either to the right or left of the given 
point, can then be brought near enough to the tangent to have a positive slope, 
since the slope of the tangent is positive. The ordinates of the curve are 


therefore greater just to the right and less just to the left than Ше ordinate 
at the point of tangency. 
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a Derivative Curve. · | b Primitive Curve. 
= ` Fio. 132. | 


Exercise 2. Prove that if the derivative curve has a nega- 
tive slope for æ = а, the tangent ta the primitive curve turns 
clockwise as z increases through 2%. 


Exercise 3. Illustrate the law stated in exercise 2 by using 
the curve y == — 22 + 2x — 3. 


Derinirions. If the tangent to a curve turns counter- 
clockwise as the point of tangency moves to the right through 
a given point, the curve is said to be concave up at that point; 
while if the tangent turns clockwise as the point of tangency 
moves to the right through a given point, the curve is said to 
be conċave down at that point. Е 

A point on the curve where the curve changes from concave 
up to concave down, or vice versa, is called a point of inflexion. 

As the point of tangency passes through a point of inflexion, 
the tangent line changes the direction of rotation. The curve 
crosses the tangent at a point of inflexion. 


V X wt. 


Slope increasing . Slope decreasing . . Point of Point of tnflexions. у 
toward the right. . toward the right. 


Curve concave up. Curve concave down, 
) Fra. 133. 
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The results of this article may be stated as follows: For all 
values of x for which the first derivative curve is rising toward 
the right, the primitive curve is concave upward ; for all values 
of x for which the first derivative curve is falling toward the: 
right, the primitive curve is concave downward; for a value 
of x for which the first derivative curve has a maximum ог 
minimum point, the primitive curve has a point of inflexion. 


160. The second derivative. The derivative of a function 
of a variable is itself a function of that variable. This de- 
rivative may then also be differentiated. 


Thus, if y == 20° 4+ sin 22, 


dy _ 6 22 4 2'cos 2a, 
dx | 


апа | (2) 122—482 а 
da\ de : 


The derivative, » , is called the first derivative of y with re- 


spect to æ, and е Б is called the second derivative of y with 


respect to 2. 
The symbol T9 ; 19 used to denote the second derivative of 


d {ду 
y with respect to a, t us 2 з =, 


d [ d үа 2 
Similarly, ау means * ds asas) | ete. 


161. The second derivative curve. The second derivative is 
related to the first derivative in precisely the same way as the 
first derivative is related to the primitive function. But it 
also has an interesting and important relation to the шише 
function, now to be explained. 
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Suppose the second derivative to be represented by a curve, 
‘using æ for abscissa and ay as ordinate. This curve is called 


the second derivative curve. ` i ; 

Then; for all values of 2 for which the second derivative 
“curve is above the a-axis, the primitive curve is concave up; 
for the ordinate of the second derivative curve is equal to the 
slope of the first derivative curve for the same value of a, and 
where the slope of the first derivative curve is positive, the 
"primitive curve is concave up. (Art. 159.) 

In like manner it is proved that for those values of 2 for 
which the second derivative curve is below the z-axis, the 
primitive curve is concave down. m 

For a value of # at which the second derivative curve crosses 
the a-axis, the first derivative curve has either a maximum or 
minimum point, and hence the primitive curve has a point of 
inflexion. (Art. m 


162. Summary. The results of the foregoing discussion of 
this chapter may be summarized as follows: — — 

. For all values of æ for which the first derivative curve is 
above the z-axis, the primitive curve rises toward the right; 
for all values of ж for which the first derivative curve is below 
the a-axis, the primitive curve falls toward the right; for а 
value of x at which the first derivative curve crosses the z-axis 
from above in going from left to right, the primitive curve has 
a maximum point; for a value of x at which the first deriva- 
tive curve crosses the a-axis from below in going from left to 
right, the primitive curve has a minimum point. 

For all values of æ for which the second derivative curve is 

‘above the a-axis, the primitive curve is concave up; for all 
values of z for which the second derivative curve is below the 

- &-axis, the primitive curve is concave down; for a value of 2 

‘at which the second derivative curve crosses the аш! iud 
primitive curve has a point of inflexion. 
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163. Illustrations. ExamrLE 1. Given . - 
i Е y — sin z +3, 
then' ФУ сов 2, 
da 
and mE | | ги =— sin Le 


The curves are shown in Fig. 134, and ute relations established 
above are seen to hold. | 


The student йй make a careful study of the dices | 

Exampte 2. As another illustration, study the curves of 
Fig. 131. The straight line in the figure represents the equa- 
tion . ay 

dat | | 

ExAMPLE 3. А circular cistern is to be built to have a 
given capacity; to find its dimensions in order that the 
amount of lining required will be à minimum.  . 

Let H z depth, D — pers and S = area of inner surface, 


T 
Then i | S=-—— at „DH. 
But vol. — чип H. C, where C is constant. 


, S-T pt. 
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Here S is expressed as a function of the variable D. From 
the equation it is at once evident that if D is very small the 
surface is very large, and is again very large 
when D is very large; while for intermedi- 
ate values of D the surface has smaller 
. values. Тһе curve which represents the 
‘equation between S and D therefore falls 
and then rises as D increases from 0, as in 
Fig. 135. There will therefore be a mini- 
mum point, which may be found by equating 


to 0 the value of as 
ар’ 
| О dS wp. 4C, 
. Fia. 185, ae рә” TF 


Equating this expression to 0, and solving for D, 


3л 
D- 4€. 
т 


The relation between D and Н is most easily obtained by 


E H. 


replacing C by — — in the expression for T and equating 


the result to 0. Then 


o / .  — рш?н. 


EXERCISE XXXV 


Sketch the following curves, first sketching the first and second deriva- 
tive curves. Locate maximum and minimum - Tots and points of 
inflexion. : 


1. y-ai—4z-4 5. Е T x 
Б y-cos[z—-)- 

2. у=—1—х+3. x ( 5) 

3. 8y = Æ — 12r46. ` | ^ 6€ бу=2д5—84—12ж—6._ 

4 y —sin22. | Т, 10y = 229 4 922 — 24 x + 20. 
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8. 20y = 23 —9 22 + 15 z — 20. 13. y = sin z + а. 


9. у= х3 —– 3 ах + > 14. y — 1 = (х – 2)8. 

10. y = Ж. E 15. у= х3 . 
ll. у= 2(0— х). . Р с. ж —– 4 | p 
.12. у= axi + bx + c. ^. 16. Зу=—84+6ж—1, 


17. 12 y = 3 xt — 8x9 — 80 22 + 72 x + 24. 
| 18. 8y = xt — 622 + 8a + 16. 

19. In y= az? + bx + c, where а + 0, show that there is a maximum 
and a minimum point if b and а are opposite in sign, but that there is 
neither maximum nor minimum if а and b are of the same sign, or if 
b — 0. 

Compare the curves obtained by using the following values of a, Ь, and 
ce (1)a=1, b=—3, c=2; (2) a=1, b= —.03, c=2; (8) a=1, 
b = – .0003, с=2. Ifa 0, “and a and с are held fast while b is made 
to approach the limit 0 from the negative side, what becomes of the 
maximum and minimum points? If b then becomes positive, how is the 
tangent at the point of inflexion affected ? 

20. In у = аз? + bz? + oz + d show that there is a maximum and а 
minimum point if 5? — 3 ас>> 0, but not otherwise. How does the case 
where b? — 8 ac = 0 differ from that where b? — 8 ac <0? 

21. The equation of the path of a projectile, fired at an angle œ to the 
horizontal with an initial velocity V, is 
IÊ 
2y* cos? a 


Find the maximum height to which the projectile rises. 


у = x tan 6 — 

Ans, inta | 
2g 

22. Letting R = the range on the horizontal of the projectile described 


in ex. 21, show that R = Visina 


Letting @ vary, plot the curve which represents R as a function of 


о. For what value of œ is R a maximum? Ans. T 


23. Prove that the greatest rectangle of а given perimeter is а square. 
24. A cylindrical tin can, closed at both ends, is to be made to have a 


certain capacity. Show that the amount of tin used will be а minimum 
when the height equals the diameter. 


25. Show that the rectangle of greatest area that can be Riese in a 
circle is a square. 
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26. Given that the strength of a rectangular beam of given length 
varies as the product of the breadth and the square of the depth, find the 
ratio of depth to breadth of the strongest beam that can be cut from a 
cylindrical log. Ans. ћ = У2 . b. 

27. Given that the deflection, under a given load, of a rectangular 
beam of given length, varies inversely as the product of the breadth and 
the cube of the depth, find the ratio of depth to breadth of the beam of 
least deflection that can be cut from a cylindrical log. Ans. h = V3. b. 

Suecesrion, Make the reciprocal of the deflection a maximum. 

28. A rectangular piece of tin of width b is to be bent up at the sides 
to form an open trough of rectangular cross section. Find the width of 
the ee bent up at each side when the carrying capacity is a maximum. 

Ans. 5 
4 

29. Find the dimensions of the greatest right circular cylinder, the 

sum of the length and girth of which is 6 ft. 


Ans. Н = 2 ft., Diam, = £ fi. 
т 


30. Find the dimensions of the greatest rectangular box of square base, 
the sum of the length and girth of which is 6 ft. Ans, Length = 2 ft. 

= 31. Find the ratio of altitude to radius of base of the conical vessel, of 

open base, which requites the least amount of material for a given capacity. 

` Ans. Alt. = V2 rad. 

32. A point moves along а straight line. At the time t its distance 

from a fixed point of the line is 8: at the time ¢+ At, its distance is 


As 
з + As. Then At is the average velocity of the point for the time Af. 


As 
The limiting value of ү; At? 98 At approaches 0 as a limit, is defined to be 
the velocity, v, at the time ¢& Hence v = 2. 


Given s = 16 2, find the velocity at any time t. 


33. The average acceleration, during an interval of time, of a point 
moving in a straight line, is the increase in velocity during that time, 
divided by the length of the interval of time. 

Make a definition for the acceleration at any instant, and show that 
the acceleration is 

de ‚ or ds 
dt dt? 

Find the acceleration if s = 16 12, 
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34. Plot the curves representing the space, velocity, and acceleration, 
in terms of the time, if s = 16%, 


35. Given s = at? + bt + c, where а, b, and c are constant, show that 
the velocity in terms of the time is represented by a straight line, and that 
the acceleration is constant. 


36. The formula for the space traversed by a body projected vertically 
upward, with velocity %, is 
в = wf — 162 (s in ft., ¢ in secs.) 


Find, by differentiation, the velocity and acceleration of & bullet fired 
upward with initial velocity of 1000 f/s. 

Plot the curves representing space, velocity, and acceleration in terms 
of the time, How high does the bullet до? 


37. A point moves back and forth along a diameter of a circle of radius 
а, with simple harmonie motion (Art. 116), making з complete oscilla- 
tions per unit of time, If s is the abscissa of the point referred to the 
center, and the point is at the end of the diameter when ¢ = 0, show that 


8 = а cos(2 mnt). 


Find also the velocity and acceleration at any time, and plot the curves 
for space, velocity, and acceleration. 


38. Since (а? + C) is the same as = (at), how many primitive 
d x x 
curves are there whose first derivative curve is 
ду =@х? 
ах 
Sketch some of the derivative curves. How are they situated with refer- 


ence *o each other ? What is the «тишн of the primitive woh passes 
through (2, 5) ?. 


39. Find the primitives of which с = cosx is the first derivative 
n 
curve, 


40. Find the primitive of which an = 2 is the second derivative curve, 
and which passes through (4, 1) with a slope equal to 8. 


dy ue 
` 41. Show that for the second derivative curve = = а, а primitive may 


be obtained which passes through any given point in any given direction. 


CHAPTER XIII 


THE CONIC SECTIONS 


164. Definition of the conic. A conic section, or simply 
conic, is the curve of intersection of the surface of a right cir- 
cular cone and a plane. It can be shown, however, that the 
following definition is equivalent to the one just given. 


Derinition. A conic is the locus of a point which moves 
in a plane so that the ratio of its distance from a fixed point 
in the plane to its distance from a fixed straight line in the 
plane is constant. 

This definition will be adopted here. 

The fixed point is called the focus, the fixed straight line the 
directrix, and thé constant ratio the eccentricity, of the conic. 


165. Construction of conics. Let F be the focus, DD! the 
directrix, and e. the eccentricity. Let P be any point on 
. the conic, and М the foot of the 
perpendicular drawn from P to 
the directrix. Then, by defini- 
tion of the conic, 


ЕР 


——— = е. 


МР 


(The lines FP and MP are to be 
counted as ` positive, whatever 
their direction.) 
This suggests the following 
method of locating points of the 
. eonie: Through F draw a line 
FB perpendicular to DD’, intersecting DD' in B.. Through B 
draw : a line BL, making an angle d with BF such that 
` 192 ; 


Fra. 136. 
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{ап 0 =е. Takeany point Hon BF, and let the perpendicular to 


BF through H meet BLin К. Then, a= tand=e. With 


Е as a center and a radius equal to HK, describe an are of a 
circle cutting HK in P and P'. The points P and P' so ob- 
tained are points on the conic. . | 

In this manner, as many points as desired may be obtained, 
and the conic sketched by drawing a smooth curve through 
them. | 

Evidently, they lie in pairs which are symmetrical with FB 
as an axis of symmetry. This line FB is called the axis of 
the conie. | 


166. Vertices of a conic. The points of the conic which lie 
on the line through the focus perpendicular to the directrix 
are called the vertices of the conic. 

To obtain these points, draw lines through F inclined 45° 
and 135° to the line BF. From the points of intersection of 
these lines with BL drop perpendiculars to BF. The feet of 
these perpendiculars are the vertices, as the student can easily 
show. 

If e=1, there is only one vertex, but if e +1, there are two 
vertices. | 

Тһе pipe on the following pages show conics constructed 
for e= 4, e=1, ande=§. 


EXERCISE XXXVI 


1. Plot in different figures the conics for e = 3, e=le= f. 
. 2. Plot in the same figure, using the same directrix and focus for all 
the curves, the conics for e = 9, e = 1, e— 1.1. 

9. Assume a unit of distance, and taking the distance from focus to 
directrix to be 1, 2, 4, 20, respectively, construct the conics for e = 1. 

4. Same as example 3 for e = 3. 

5. Same as example 8 for e— $. ; 

6. Prove that the conic is tangent to the line BL at the intersection of 
BL and a line tough F parallel to the directrix. 

о 


Fia. 137 b. 


Fia. 137 a. 
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167. Classification of conics. From the constructions already 
made, it is evident that the general shape of the conic depends 
upon the value of e, and that the conics may be divided into 
three classes, according as e < 1, e— 1, or e >1. 

A conic whose eccentricity is less than 1 is an ellipse; one 
of eccentricity equal to 1, a parabola; 
and one of eccentricity greater than 1, 
oP an hyperbola. (See footnote, Art. 171.) 


168. The equation of the conic in rec- 
tangular coordinates. Теё the directrix 
y be taken as y-axis and the line through 
F(p,0) the focus perpendicular to the directrix 
i ME as the x-axis. Let the distance from the 
. directrix to focus be p. Then the coör- 
dinates of Fare (р, 0). Let P(a, y) be 
any point on the conic, and MP the distance from P to the 
directrix. Then, from the definition of the conic, 


Еа. 138. 


= = or FP=eMP. | 
But - ЕР= У (2 — р)? +y, and MP=2. 
ies (x — p)? + Hyer, 
or (1— eas — 2 pao + у? +p = 0. 


This i is, therefore, the equation of any conic when the y-axis 
is the directrix and the a-axis is the line through the focus 
| perpendicular to the directrix. ; 


. 169. The narabola 6=1. In the equation just found let 
e=1. The conic is then a parabola. The equation reduces to 
y = 2 px — p’. 
This equation of the parabola was obtained in Art. 75, and 
from the same definition as here used. The equation was dis- 
cussed in that place. The student should review Arts. 75-78 
at this time. | | A 
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170. The centric conics. e+ 1. In the таш of Art. 168, 
` (1 е) 2 ра фур? | 


divide by the coefficient of 2? and then ге the square in 
the terms аа: $e ; 


E. Yol Pom oo pe 

i a" tala AE i-e -ef i-é q-ey 
I d __р 2 y peo pog Aes 

dii ruo E 
Substitute dams р w= 

which transforms to. parallel axes through. (т> ). 


(Art. 52.) The equation then becomes 
у? 
" = Pe 
° 11-07-07 DEC 
Dividing by the Pon member brings the equation into 
the form 


ж? yt We 
wee “а= аш 
a ü—ey 1-е | 


Since this equation contains only even powers of x and у, 
the curve is symmetric with respect to both eoórdinate axes, 
and hence with respect to the origin. The origin may there- 
fore be called the center of the conic, and the conic ealled à 
centric conic. 

Also, since the conic is symmetric with respect to the center, 
rotation of the conic in its own plane through 180° about its 
center will bring the conic back into its original position, hav- 
ing merely interchanged the points. Let the conic, together 
with its focus and directrix, be thus rotated. The focus and 
directrix are brought into new positions which are symmetric 
with respect to the center. They have remained focus and 
directrix of the conic, however, and since the new position is 
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the same as the old position they must be focus and directrix 
of the conic in its original position. ' - 

Therefore every centric conic с has two foci and two direc- 
trices. 

They are respectively symmetric with respect to the center. 


171. The ellipse. e<1. In eq. (A) of the preceding article, 
the divisors of æ"? and y" are both кше ife< 1. For con- 
venience let ; : 

' pe pe О: 
2. — p= , 1 
SIA 1-8 а) 


Substituting these values in eq. (А) and dropping primes, it 


becomes 


Sai 1. 


This is known а as the standard form of the equation. of the 
elipe.* `` ND | s З 


172. Axes of the ellipse. Letting y = 0, the intercepts of 
the ellipse on the z-axis are found to be a and —a. The 
intercepts on the y-axis are b and — b. | 

The length 2a is colled the major axis, aiid 2b the minor 
axis. 

The relation Бонева а, b, and eis found from eq. (b of 
the preceding article to be... - g^ 


ada t 
This equation shows that a > b. 
* In Art. 83 the ellipse was defined in an altogether different way. The 
equation of the ellipse derived from that definition and that -just derived 
are, however, the same, which proves that the two definitions are equiva, 
lent. The property of the ellipse used in Art, 83 as a definition will be 
shown in a succeeding article to follow from the definition used in this 
chapter. | 
A like remark applies to the diypetbola 
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Fig. 139. 
The ыйан of the new origin referred to the old in the 


transformations of Art. 170 is 1 P 33 ^e 
ВО=—Р—. 
9 1—e: 
N =e, 
ow а eae 
^ Bo =. 
o 


Also аа. 


ог | ЕО = ае. 

: The relation. m -еёу= = may be written а? =a?— b? 
from which ` | 
ае = Va? — bi. 

Therefore if the end of the minor axis be taken as a center 
and an are described with the semi-major axis as a radius, this 

are will cut the major axis in the focus. 


173. Summary. ‘In an ellipse whose major axis is 2а, 
minor axis 2 b, and eccentricity e, os forewing relations hold: 
ate = а? — D. | 
ае = distance from center to focus, 
= = distance from center to directrix. - 
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174. The hyperbola. е;> 1. Ineq.(A), Art. 170, the divisor 
of y" is кн ife>1. Let then 


Then both a and b are real. 
Substituting these value in eq. (A) and dropping разам it 
becomes 


This is known as the standard form of the equation of the 
hyperbola. 


(See also Art. 87, and the footnote to Art. 17 1) 


175. Axes of the hyperbola. alie y=0, thé intercepts 
on the z-axis are seen to be a and — a. If x= 0, yis imaginary. 


ОК. 140. . | 


"Неше the епгуе ‘ios not cross the y-&xis. 
The length 2 а is called the transverse axis, and 2b the con- 
jugate axis. 
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The relation connecting a, b and е is 6? = а? (е? — 1), or 
(00968 xg +0. i 
: NECS > з > 
· This shows that b 5a according as e с V2. 


As in the ellipse, the abscissa of the center referred to the 


—— 2 


old origin, on the directrix, is Пп D EL which is here negative, 


since e 1... NE 
Е: 286 
. 9 BO 1-2 
2o p _ 
| Now TN ae 
oe OB =”, . 
К е 3 
Also > > - OF=0B+p | 
Й Y _ p . 
ст? 
E Lam 
. e-—1 
= ae. 


Since ae = Va? + 6%, the focus may be obtained by using the’ 
center of the conic as a center and the hypotenuse of the right 
triangle whose sides are a and 6 as a radius and describing an 
are to cut the major axis produced. - . 


176. Summary. In an hyperbola of transverse axis 2 a, con- 

jugate axis 2b and eccentricity e, the following relations hold: 

| a? e = а? + b, | 
ае = distance from center to focus, 


Б = distance from center to directrix. ` 


Compare Art. 173. 
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-EXERCISE XXXVII 

1. Derive the equation of the parabola whose directrix i is the line z = 6, 
and whose focus is (2, 3). 

2. Derive the equation of an ellipse whose directrix is the line y= 4, 
focus at (0, 2), and center at (0, — 1). 

3. Derive the equation of the hyperbola of eccentricity 2, with focus 
at (0, 4) and the line z = 2 as directrix. 

4. What is the eccentricity of the equilateral Жо ? 

b. Keeping the major axis шешш ellipses with eccentricity . 1, 
5, .9. Ў 

What limiting position do the foci approach as the eccentricity ap- 
pee the limit 0 ? What is the казы form of the ellipse ? 


177. The Saunton of the conic in polar coordinates. 

ч nem at the focus. Taking the origin at the focus and 
the initial line perpendicular to the di- 
ee the polar equation of the conic 
is easily written.. 

Let P(r, 6) be any point on the conie 
and MP the length of the perpendicu- 
lar from Р to the directrix. Then, by 

the definition of the conic, 


FP= eMP, : 
or r=e(p+r cos б), 
0 ^ Fre. 141. | from which - | 


as 1-—ecos0 : 
If the focus lies to the left of the 
directrix, then . 
‚РМ =p — т cos б. 
S r=e(p— r cos б), 
from which | | 
беге 
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(b) Origin at the center. For the centric conics the equa 
tion in rectangular coórdinates is 


the upper sign being for the ellipse, the lower for the 
hyperbola. | | | 
Change to polar coórdinates by means of  . 
с=т сов 6, | | 
y=r sin 0. 


| Substituting and clearing of fractions, ` 


rb? cos’ + a? sin?0 = a’b*, 
from which 
а? Д 
— 8? cos'ü + а? sin’ 
This equation may be. expressed in a somewhat simpler 


form in terms of the eccentricity and b. For convenience con- 
sider separately the equation of the ellipse. It is 


ab? afb? 
beos? +a sin? 1° сов?0 + a*(1 — cos?0) 
| | : p 
= — ap 
1— а= cos?» 
a : 
or 
2 b2 
~ 1 — ecos’ 
since | е? = а b), 
а? 


Similarly for the hyperbola the equation is 
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` EXERCISE XXXVII. 


Determine the nature of the following conics and sketch them: 


Іса ш JUNE TUER Ба 
1—$ec0o808 : i " 2 4- 4cos 0 
Wanne Re e 4 et _. 
f 2—2cos@ .- : tcs 1-—4cog808 ` 
5 8 2 20 | 
5. r? = ——— ‚ 6. 12 = 
2—cos$0 _. . . 2 +8 віп?0 : 
UM БОЛ M ө 
‚ тёш . 8. rca sec?-. 
T. P= 76 = 20 sin One i 


9. Show that if the vertex of a parabola is taken as origin and the 
axis of the parabola as the initial line, the equation in polar coórdinates is 
_2рс080. | 
. sin? — 


CHAPTER XIV 


PROPERTIES OF CONICS | 


178. In this chapter a few of more important properties 
of the conics are derived. ` 


JL PROPERTIES OF THE PARABOLA 


179. Subtangent of the parabola. In Art. 130 the equation 

of the tangent to the parabola y! == 2 px at (ax, yo) was found to be 
Уу = p(z + 29). 

Letting у = 0 in this equation, there results 2 = — 2%, 
te. OT= —% (Fig. 143). 

ee T О = Xo е | 

| TM = 2 xo.. | 

The line TM is called the 

subtangent. 


- 180. The subnormal of the 
parabola. Theslope of the nor- 
mal to the parabola y* = 2 pz 
at the point (zy уу) is the 
negative reciprocal of the slope 
of the tangent at that point; Fie. 143. 


ie. the slope of the normal is =W, The equation of the 
| р 
normal is therefore ' 
r { afe . и Yo | 
y— y= — P (s— n). 
-њ= 82-а) 
205 
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To find where the normal cuts the z-axis, let y=0. The 
result is 


= =h +p. 
I.e. in Fig. 143. ON=%+p. 
à MN =p. D 


The line MN is called the subnormal. ; | 
. Hence, in the parabola the subnormal is constant and equal to p. 


181. Property of reflection of the parabola. In Fig. 143, 
Art. 179, from the definition of the parabola, | 


РР = HP=" + d. 


Also . TF— TO + OF —at. (Art. 179.) 
E FP = TF. 
it 2 ЕРТ =ZFTP=ZTPH. 


Let PL be drawn parallel to the axis of the INE Then 
ZFPT-ZLPQ.- 


= Hence, if the parabola were a reflector, any ray of light from 
the focus striking the parabola and reflected so as to make the 
angle of reflection equal to the angle 
of incidence would be reflected along 
a parallel to the axis of the parabola. 
А concave reflecting surface in the 
form of а surface generated by re- 
volving а parabola about its axis 
would therefore reflect all rays from 
a source at the focus in lines parallel 
' to the axis of the reflector. 
Derinition. The chord of a сопіс 
which passes through the focus, per- 
. pendieular to the axis of the conie, is 
Fio. 144. ` called the latus rectum. | 
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EXERCISE XXXIX 


1. By means of the result found in Art. 179, show how to araw a tan- 
gent at any point of the parabola. 

2. Prove that the tangents at the ends of the latus rectum meet at the 
intersection of the directrix and ihep axis of the parabola, апа. are at right 
angles to each other. 

‚ 8. Prove that the distance from the focus of a parabola.to a tangent is 
half the length of the normal from the point of x to the axis of the 
parabola. 

4. Prove that any point P of the parabola and the intersections of the 
axis of the parabola with rangent and normal at P are all equidistant 
from the focus. : 

5. Prove that the tangent at any point of a parabola meets the directrix 
and latus rectum produced at points equally distant from the focus, 

' 6. Show that the normal at one extremity of the latus rectum of a 
parabola and the tangent at the other extremity are parallel. 

7. Show that the directrix of a parabola is tangent to the circle described 
on any chord through the focus as a diameter. - . | 

8. Show that the tangent at.the vertex of a parabola is tangent to the 
circle described on any focal radius as a diameter. р 

9. Prove that the angle between two tangents to a parabola is equal to 
one half the angle between the focal chords drawn to the points of contact. 

10. Prove that the tangents at the pnus of any focal chord of a parabola 
meet on the directrix. 

11. Prove that ihe Ене of the latus reetum of the parabola y? = 2 px 
is 2 p. 
' 12. Prove that if from a point (хо, yo) two tangents are drawn to the 
parabola, the equation of the line through the pointe of tangency is 
Yoy = р(х + о). 

13. By means of the preceding example prove 5 that if tangents are › drawn 
to the parabola from any point on the ашы the ling through the points 
of tangency passes through the focus. 

14. Prove that in the parabola y? = 2 pz, the ordinate of the middle 


point of a chord of slope m is а ‚ and hence that the locus of the middle 
points of a system of parallel chords of slope m is the straight line y = — 


Draw the figure. 
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Derinition. The straight line which bisects a system of pO 
chords of a parabola is called a diameter of the parabola. 


15. Find the equation of the diameter which bisects all chords of йаа 
m in the parabola x? = 2 py. Ans. x = mp. 


. 16. Transform the equation of the parabola y c2 pat to the tangents 

at the extremities of the latus rectum as axes. 
SuacEsTION. First, moving to parallel axes гопан (-2 д? 0), the 
equation becomes 
yr=2py—pr o— 
Next, rotating the axes through — 45°, the equation becomes | 
| —2 zy + y —2 v2 р(х + y) 4-2 p? = 0, 

which becomes a perfect square on the left by the addition of 4 xy. 


Then extract equate root, ар extract se root again, and 
obtain . 


VANS +Уру? 

or У + Уу = е 

* where E ; ©- а=ру2. 
17. Plot the curve 

aia 


What partions of the curve соле роши to the different combination of 
signs ? £ | 1; 


п. PROPERTIES OF THE ELLIPSE AND OF THE 
HYPERBOLA 


182. Focal radii of the ellipse. Let P(x, уу) be any point of 
the ellipse of semi-axes а and b, and let r and 7^ be the radii 
from the foci F and F" to P. | 

Through Р draw a line parallel to the major axis of the 
ellipse, meeting the directrices in M and M'. Then from the 
definition of the ellipse, using the left-hand focus and directrix, 

| СОИ | : 
MP 


or - | "=ем'Р=е(@+ = a + елу. 


е, 
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Similarly, using the right-hand focus and directrix, 
r=ePM= (2-а = а — er. 
"Adding, r+r=2a. | 


Hence the sum of the focal radii of a point on the ellipse is 
constant, and equal to the major axis of the ellipse. 


. Fia. 145. 


© 183. Focal radii of the hyperbola. In a manner similar to 
the above the student can show that in the hyperbola the focal 
radii are r=ex +a and r'= ex—a, and hence | 

| E r—r'=2a. ИШ 

184. Property of reflection of the ellipse. ‘The focal radii to 
any point of an ellipse make equal angles with ше normal to 
the ellipse at that point. . 
` Proor. In Art. ae the equation of the tangent to the Siipee 

Pu 

at "T Yo) was found га bx 


The slope of the normal at (os Yo) is therefore 2n, and the 
"2e 
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equation of the normalis . ` 
у= р Ca) 


In this equation let y = 0 and solve for a, 


о 2. 2 
а= — LS a iis 
Te. in Fig. 145. | 
Dt aa ON = ех. 
2s Z F'N= ае + em = e (a + et), 
and | NF = ae — ёл, = e (a — en). 
PN Oren T Gay 182). 
NF а—ех®% 


Therefore by plane geometry, £ F'PN = Z NPF, which 
proves the theorem. Hence if the ellipse served as a reflector, 
a ray of light, or sound, emitted at one focus тош be reflected 
to the other. 

It is on this principle that whispering galleries are some- 
times constructed. 


185. Property of reflection of the hyperbola. In the hyper- 
bola the focal radii to any point of the curve make equal 
angles with the tangent at that point. 
` The proof is left to the student. 


- 186. Ifa line is drawn to cut the hyperbola in two points, 
the two segments of the line EO between the hyperbola 
and its asymptotes are equal. . | 

Proor. The equations of the hyperbole, its — and 
any line G respectively, . | 


b — a ES а, | (1) 
и Ба? — а = 0, - "ug (2) 
and | ts у= тк +0. 0 .(8) 
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Let the points of: intersection of line and ТРЕТ be 
P,(%, уу) and Р,(2», y,), and of line and asymptotes be Q,(a', у) 
and Q,(z,, уз). 

Substituting the value of y from eq. (3) in eqs. Ne ка (2) 
respectively, and collecting terms, there results 

(D — adm — 2 a*mez —a(F+07)=0 (0) 
and |. |. (b am)? — 2 ma – ё =0. ^ ^ (5) 

The roots of (4) are a, and 2 and of (5) are z,' and лу. 
Now in any quadratic equation the sum of the roots is equal 
to minus the coefficient of the first power of the variable 


divided by the coefficient of the second power; and since the 
first two terms in eqs. (4) and (5) are the same, therefore . 


Lı F 25 = i + 2,. 


But 2% 5 73 and ау + = z are eee the abscissas of the 
middle E of P,P; a QQ 


Y 


' Fig. 146. ` 


. the middle points of P,P, and Q,Q, coincide. " 
y 70 | QP, = QP. $4 `7 QED 


212 ANALYTIC GEOMETRY | 


EXERCISE XL ^ ү 


1. Prove that the e length of the latus rectum of an x or an hyper- 
bola is 25 
a 


2. Prove that the tangents at the extremities of the latus rectum of 
an ellipse or hyperbola intersect on the directrix. 


3. Prove that the line drawn from the focus to the intersection of a 
tangent and the directrix of an ellipse or hyperbola is perpendicular to 
the line from the focus to the point of tangency. 


4. A circle is drawn on the major axis of an ellipse as а diameter. 
A perpendicular to the major axis meets the ellipse and circle in P and 
Q respectively. Prove that the tangents drawn at P and Q intersect on 
the major axis. Hence show how to construct a tangent to an ellipse at 
а given point. 


b. Show that the distance rom the focus to an шры of an 
hyperbola is equal to b. 


6. Prove that the product of the perpendieulars ioi any point of an 
hyperbola upon the asymptotes is constant, and equal to 7 - 

7. Prove that the product of the perpendiculars а the foci upon a 
tangent to the ellipse is equal to the square of the semi-minor axis. 


8. State and prove a like property of the hyperbola. 


9. Prove that if tangents are drawn to the ellipse = + 5: = 1 from an 


exterior point (xo, yo), the equation of the line E ml points of tan- 


gency is + KA = T | 3 : i 
10. Prove the statement in example 9 to be true for the hyperbola, 
with proper changes of sign. ; 
11. Prove that if tangents are drawn {о an ellipse or pa from 
any point on the directrix, the line joining the points of tangency passes 
through the focus, (Use examples 9 and 10.) 


12. Through a fixed point within a given circle, a circle is drawn tan- 
gent to the given circle; prove that the locus of its center is an ellipee. 
Draw the figure. 
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13. A line y = mz + c cuts the ellipse b2x? -+ a?y? = 4202; prove that 
if (s yi) is the middle point of the chord, then 
a?mc n= 2с 
B+ аёт?” b? + aimi 
14. From the preceding example, by eliminating c, prove that the 
locus of the middle points of a system of parallel chords, with slope m, of 
the ellipse is the straight line · 


zı = 


b? 
=— — mg. 
у та? 


This line is called a diameter of the ellipse, 
Prove that any line through the center of an ellipse is a diameter. 
15. Show that if two lines through the center of the ellipse 


| 0222 + ay? = a 
have slopes v m and m' such that тт! --L, then P line bisects all 


chords parallel to the other. 
Draw two such lines. | 
Two such lines are called conjugate diameters. . 


16. Prove that in the hyperbola Z- " =1 the equation of the locus 


of the middle points of a system of ы chords of slope m is 
EU 
dim mail 
.. 17. Through the point (хо, yo) on the ellipse 05222 + ic = a? a 
diameter is drawn ; prove that the coórdinates of the extremities of its 
conjugate diameter are % = + x у= bzo 

18. If а! and b' are the lengths of two conjugate semi-diameters of 
the ellipse, prove that a/? + 6/2 = а? + b2.: (Use example 17.) 

19. Prove that the tangent at any point of the ellipse is parallel to the 
diameter which is conjugate to the diameter through the given point;. 
and hence that the tangents at the extremities of two 0 conjugate diameters 
form а parallelogram. 

20. Prove that the area of the parallelogram formed by the tangents 
at the extremities of two g diameters of an ellipse is constant, 
and is equal to 4 ab. 

SvaaEsTION. The area in question is 8 times the area of the triangle 


whose vertices are (0, 0), (£o, yo), and (ts, — =) . (See example 17.) 


CHAPTER XV 


THE GENERAL EQUATION OF SECOND DEGREE IN TWO 
^ VARIABLES 


187. In the preceding chapters certain equations of second 
degree in two variables have been studied. It will now be 
shown that every equation of second degree in two variables 
with real coefficients is the equation either of one of the conics, 
a circle, a pair of straight lines, one straight une; a point, or 
else the equation has no locus. 

Moreover, the conditions which the Goctliciente must galiat 
in the different cases will be established. 


188. The general equation of ead degree in z and y is 
aa? + bay + cy? + dæ+ ey 4 f 0. 2E (1) 
Let the origin be moved by a translation of axes to the point 


(h, k) by means of the formulas , 


x= g Fh, 
y= =y Tk 
Equation (1) then becomes 22 
a bx'y' + ey? + d'a! + ely! ye - (2) 
where | = 2 ah + bk 4- d, po Co 7 (83) 
| а | : . (4 
f= al? + Dik pc dh pde f ‚ e (5) 


Equation (2) will be simplified if hand k can be so chosen 
that d' = 0 and e'=0. Putting d'=0 and e' = 0 and solving 
for h and k, | 7 

|. .9 ed — be 2 a6 — bd. S 
аас b — 4ас 0) 
214 
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These values of Б and k are definite finite values unless 
b? — 4 ас= 0, in which cases there are no values of h and k 
that make d'= 0 and е' = 0. 
Hence there are two cases to consider, І, b? —4ac+0, and 
II, 0 —4ac=0, 
Case I. 02— 4ас +0. | 
189. Removal of the terms of first degree. Consider first 
the case where b — 4 ас +0. Then if h and k have the values 
shown in eq. (6), d'and e’ are both zero, and eq. (2) becomes 
ак +. bz! y! + cy" + f! = 0. (7) 
The value of f' can be obtained by substituting the values of 
hand k from (6) in (5), but more easily as follows: Multiply 
eq. (3) by h, ед, (4) by k, and add. The result is 
з d'h + e'k = 2 ah? + 2 bhk 2 ch? + dh + ek. 
To both members of this equation add dh + ек + 27 Then 
dh+ek+dh + ek + 2 f —2(ah? + bhk + с dh + ek+fy=2f" 


or 2f! — dh -- ek-- 2f, since а = е = 0. 
Substituting the values of Ё and k from eq. (6), 
_ — (A acf + bde — ае? — cd! — fb | | " (8 
f= | 02 — 4 ас (8) 


The quantity in the parenthesis is of importance in what fol- 
lows. For convenience let it be denoted by a single letter, H; 
H=4acf + bde — ае? — са? — fb. 
Alsolet . D=b?—4ac. ` з | 
190. Removal of the term in zy. Equation (7) may be re- 
duced to one lacking the or by a proper rotation of the 
axes. | 
Let. а =x" cos Л — y" sin б, 
(007 gy zx x" sin 0 + y" cos Ө. 
Substituting these values in eq. (7), it becomes 
аа"! 4 b'z;' y"! + сту m fl = 0, (9) 
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where [ | ; 

ї = a cost bonds + oxi? ; (10) 
=— 2a cos 0 sin 0 + b (cos? # — віп? б) + 2с cos @ sin 0, ` а) 

c' = a sin? 0 — b sin 0 cos 0 + c cos? б. "e . (2) 


Now let Ó be so chosen that b' = 0, i.e. let 
| b (cos? 0 — sin? 0) = 2 (a — с) cos 0 sin 6, 
o b cos 20 = (a — c) sin 26, 


or = {ап 8@=—®—. : (13) 
a-—c | 


. Since the tangent of an angle may have any real value, it is 
always possible to choose 6 so that b' = 0. 
With this value of 6, eq. (9) becomes 


' P MALE! + ey!" +f" = 0. | | (14) 


191. Locus of the equation. The nature of the locus of eq. 
(14) depends upon the signs of a’, c', and f", and these signs 
depend upon the original coefficients of eq. (1). 

To determine the signs of a’ and c' one may proceed as fol- 
lows: Using the relations 

2 sin 0 cos 0 = sin 20, 
2 cos? 6 = 1 + cos 20, 
2 sin? 0 = 1 — cos 28, 


eqs. (10) and (12) may be written C 
2a =a+e+6sin26+(a—c)cos26. . (15) 


О Зо = а + с — b sin 26 — (a — c) cos 26. .. , (16) 
Adding, а! + c! za + c. | . (7) 
Subtracting, а! — с = b sin 20 + (a — с) cos 26. 


From equation preceding (13), 
b cos 20 — (a — с) sin 20 = 0. 
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Square and add — | | 4 
b sin 20 + (а — с) соз 20 = а — с, 
and : b cos 20 — (a—c) sin 20 —0,: 


and there results 
b? + (а — с)? = (а! — с) 


From (17) (a +c)? = (а + ey. 
Subtracting, . « 4a'e = 4 ac — b. (18) 
. Since 4ac — b’ + 0, neither a! nor c' can be zero. Eq. (14) 
may therefore be written, since from eq. (8), f! =— 5 
uo gol ed. арый (19) 
Em UU UM EO 
: ар ер | 
ог а 6108-0, fH=0 | (20) 
. Two cases must here be considered. 
(1) | D<0, їе. & @ е — >O. 


Then neither а nor с can be zero, and а and c must be of like 
signs. It follows also from eq. (18) that a! and c' must be of 
like signs, and hence of the same sign as a and e, by (17). 


Therefore, if E « 0 the locus of ae) is an аш if al + с, 
and a circle if а= = c. 

If 2 > 0, ед. (19) has no locus. - | 

Equation (20) is satisfied only by the point æ" = 0, у” = 0. . 

2) . D>0, ie 4ac—B<0. — | 


It follows from (18) that а! and c' are of opposite signs. 
Equation (19) is therefore the equation of an hyperbola 
whether Н is positive or negative. 
| Equation (20) can be factored, and its locus is therefore the 
pair of intersecting straight lines · | 


Va at! + VZ d y! 0, Vale Д — У су! = 0 
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192. Condition that eq. (1) represents a circle. It was shown 
in the i cH article that the locus of eq. (1) is a circle when 


D < 0, A< 0, and а' = с. The third of these conditions can 


be ЕЕ" in terms of the original coefficients of eq. (1) as 
follows: In (17 ) and (18) put a/ = с. Then 


2а = а + с, 
апа 4а = 4ac— №. — 
Substituting i in the second of these иин the value of a’ 
from the first, there results | 
(a — с)? + 0 = 0. 
This can be satisfied by real values of 2; b, and c when and 


only when a — c and b — 0. 
. Hence the conditions that eq. (1 represents а circle are 


D «0, E «0 b = 0, and а = с. 


Case II, 5?—4ac-0. 


193. Pass now to the case where b? — 4 ас = 0. In this case 
not both a and c can be zero, for then b would be zero and eq. (1) 
would be only of the first degree. Moreover, а and е must be 
of the same sign if neither is zero. Assume at first that sign 
to be positive. Then eq. (1) may be written 

az? + 2 V/aczy + ey! + de + ey +f == 0, 
o — . (Маус) х +еу+7= 0, . (21) 
the + sign being chosen according as b is positive or negative. 
In this formula Va and Vc are real and pons 
' Choose now an angle 6 such that 
Ма = К соз 6, + Ус = Е sin б. 29) 

Squaring and adding, ^ ow d 7 | 

k=vVat+oek>0 © | . (28) 
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Then Van + Vey =k (2 cos 0 + y sin 0). 
Transform now to axes which make the angle 6 with the axes 
æ and y, for which the formulas of transformation are 
æ= a! cos 0 — y! sin б, 
у= = sin 0 -- у! cos 0. 
Then ж cos 0 + y sin 0 = 2, and eq. (21) becomes "T 
kext + d'a! + e'y! 4- f — 0, (24) 


where d! = d cos 0 +e sin 6, (25) 
d = —d sind +e cos 8 | (26) 

If e + 0 eq. (24) may be ч, 
у = — a 28 — — gp! — j. | (27) 


"E 
- This is of the form : 
y == аа? + bz 4- c 
which in Art. 81 was seen to be the equation of a parabola. 
If e' =0 eq. (24) becomes ^ *% 
| Ka" + d'a! + f= 0. (28) 
This is a quadratic in z' alone. It is satisfied by 


4 x vd? Af 
(08M ` 


2 = 


Hence ед. (28) is the equation of two parallel lines, one line, от 
has no locus according as 


i 4з — 4f 20, 
| i 
194. Evaluation of е! and of d? — 4 Kf. The quantities e 


and d" — 4 kf of the preceding article may be expressed in 
terms of the coefficients of eq. (1) as follows: From (26) and (22) 


jus (e MB 1 (eva s av. (29) 
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Now since D=0; B?=4ac, and Н becomes 
Н = bde — ае? — cd? 
= +2Vac-de—ae?—cd? —- 
ог, from (29), H= =ke. (30) 
. €' vanishes or does not УШИН according as Н does or does 


дд vanish. 
TR from (25) апа (22) 


d dva Save ©, 
and hence — d^—4 wpa Lavi + еу)? Af 
= lfag + 2devac-4- dc Ауа оу 


But if е' = 0, then eVa= + d vc, from eq. (29). 
sS азау aoe +2 ae о —4/@+ о 
=+, As 
д 


а 


- Hence the sign of 0° — 4 727 is the same as the sign of 
d'—4af. Therefore if D —0 and a is positive, the locus of 
(1) is a parabola if H + 0, and is two parallel lines, one line, 
or there is no locus — as | | 


@— TED if H=0. 


If a is negated: eq. (1) may E divided by — E and беп the 
above conditions hold if each coefficient in H and d* — 4 af is 
changed in sign. This, however, only changes the sign of H 
and does not affect at all d? —4 af. The above conditions hold, 
therefore, whether a is positive or negative. - 
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If a=0, then 6=0, andc#0. Eq. (1) then reduces to 


ЕРИСИ cy? + dx + еу + f=0, (31) 
ог | da — — ср — ey — f. S Е 
This is a parabola if d + 0. 


When a=b=0, H becomes — cd?, and since с + 0, Н van- 
ishes or does not vanish according as d does ог does not vanish. 
If H=0 eq. (31) becomes 


. 0 T ey t £—0, 
which is satisfied by Е 
_ —е+уё—4‹‹] 
у= 2c , 


the ions of which is two parallel qoos one lins or there is no 
locus according as i 


e-agzo 


195. Summary. The nature ít the locus of the eel 
equation of the second degree : 
аа? + bay 4- су? +dxtey+f=0 
is shown in the following table, in which - 
D zs 0 —4 ac, 
` W=4 acf+ bde — ае? — cd? — fb. 
aH < 0 ellipse, reducing to a circle if b= 0 апа а= с, 
D < 0; aH > 0 по locus, 
Н = 0 а point. 
Н + 0 hyperbola, 
Н = 0 two intersecting straight lines, 
H + 0 parabola, | 
а + 0 two parallel lines, one line, or no locus 


according as d*—4 af = 0, 


р>0| 


Юр = 0 
| H=0 ; : 
a = two parallel lines, one line, or no locus 


according as е — 4 cf = 0. 
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ESERCHE XLI 


AN the above test to де. ао the nature of the loci of the follow- 

ing equations. 

І. 22—2хжу+8%%+2®ж—у+8:=0. 
. 84—42у+%0%—+2у—1:=0. 
82+ 5ж —23?—98»x 4-9 = 0. 
. 9x2 —6 xy +у —8z4-y—2-0. 
22 — 4 жу + 438+2ж—4у-+1:=0. 

— ху +0 -2z4y4 2-0. 
.821—85y +302 -6xz +3y+1=0. 
. 4 — xry фу --42—2y4-2—0. 
. 422 —19 xy 93? --z—y +1 = 0. 
8x? — xy —3y?--x—2y +1 = 0. 

11. Show that the locus of 227—2ay+y2—382+y+/=0 is an 
ellipse, a point, or there is no locus, according as f is less than, equal to, 
or greater than §. 

12. Show that the locus of ax? + bry + cy? = = 0 is two intersecting 
lines, one line, or a point, according as b? — 4 ac is greater than, equal to, 
or less than zero. 

13. Show that the locus of xy + dz +ey+f=0 isan hyperbola except 
when f=de. What is the locus then ? 

14. In the equation (lx + my + n)? + px + qy +! r = 0 show that D = 0, 
and that H = — (mp — 1g)?, and hence that the locus of the equation is a 


parabola except when i = m . What is the locus then ? 


OTH © P © ю 
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CHAPTER XVI 


EMPIRICAL EQUATIONS 


196. Statement of the problem.. It is sometimes desirable to 
find an equation of а curve drawn through points determined 
by pairs of corresponding values of two variable quantities. 
Frequently these values are found by experiment, and the 
general law which they satisfy may be known or suspected. 
The following illustrations will show how, in some of the 
simpler cases, the law may be tested and the constants of the 
equation determined. | І | 

The more difficult problems of this nature can be treated by 
the use of Fourier’s series, a method of wide application, but 
too difficult to discuss here. 


197. Points lying on a straight line. The simplest case that 
occurs is that where the points whose coórdinates are the two 
measured quantities lie on, or approximately on, a straight 
line. In this case one has only to select the straight line 
which seems to best fit the points, and write its equation. 
The equation of this line is then the equation connecting the 
variables if the same scale has been used throughout. In 
plotting the points, however, any convenient scales may be 
used, and the equation of the line written with any other scale 
that is desired. The two codrdinates in the equation of the 
line must then be expressed in terms of the two variables be- 
tween which an equation is sought. The substitution of these 
values in the equation of the line gives the desired equation. 

. ExaMPLE. The extension of a certain wire when loaded 
223 | 
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was observed to be as shown in the following table, where Æ is 
the elongation in inches, and W is the load in pounds. 


W 1 2 8 4 5 T 10 12 15 18 
E 12 23 34 46 58 80 116 1.39 174 2.09 


E, 10 SPACES TO 1 IN. 


10 
W. 2 8PACES TO 1 LB. 
‚ Fra. 147. 


On plotting the points whose coórdinates are the eorrespond- 
ing values of E and W, they are seen to lie approximately on а. 
Straight line. The line which seems to best fit the points 
passes through the origin and the point (38, 22). The equa- 


tion of this line is therefore y — Е х. But in the scale used, 


æ=2 W, y=10 E, and hence the equation сЕ Е апа 
Wis10E= W, от | | 

| Е=.116}Ў. > 
This equation therefore holds approximately for the particular 


wire used and within the limits of the observed values. 


Exercise. From the following corresponding values of w 
and v determine the equation connecting them. 


u 115 23 31°38 42 50 58 65 7.2 80 
v 5.5 64 82 97 110 119 13.5 15.0 16.5 18.0 19.5 
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198. The curve у= Са". A number of curves obtained 
from physical measurement follow the law y= Cz". 

If the logarithm of both sides of the equation be taken, there 
results 

log y = log Cn log 2. 
If now йаш a, v = log y, b = log О, then — 
: v =b + nu. 

This i is an equation of first degree in u and v. Hence if v and 
v be taken as eoórdinates and the points representing corre- 
sponding values plotted, these points will lie on a straight line. 

Conversely, if the points (log a, log y) do lie on a straight 
line, the equation of the line is of the form 


v=nu +b, where и = 105 2, v=logy; 


i.e. Тобу = п 106 2 + 106 С, if b= log C, 
ог log y = log (Са). ү 
"^ í | у= Cx". 
| 2.200 


pio 
Š 


ЕТТТ ССГ ЕРЕЕН РУ ЕКЕН 
1.200 пишиниишивинишинишиннн иви 


‚60 


1.00 1.20 


sli 


© Fra. 148. 
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The following illustration will show how the constants C 
and » may be determined when the points lie on a curve of 
this kind. 

Intustration. The following n pressure p and vol-, 
ume v of a gas: | 

v 3 4 52 60 73 85 10 
p 1073 715 495 405 308 249 198 


Let z-logv, y=logp. Then the values of x and у are 
æ ATT 602  .716 78 ‚868 .929 1.000 
y 2.031 1.854 1.695 = 1607 1489 1.396 1297 


The points determined by 2 and y are seen to lie on a straight 
line, approximately, Fig. 148. The slope of this line is found 
by measurement to be — 24, or — 1.40. Then, since the line 
passes through а, 1. 297 ), its equation is . 


y — 1.297 = —140 (s — 1), 


отг | у = — 1.40 z + 2.697. 

But С . 2.697 = log 497.7. 

Therefore, since · y=logp, z—logso, . 
'- log p + 1.40 log v = log 497.7, 

or | | py” = 497. 7,- 


which is therefore E the formula голаса p 
and v. 

The correctness of this formula should be tested by substi- 
tuting some or all of the values of p and v in the given table. 
Еді d f |» v—52 and p= 49.5, : 
then . ‘log v = .7160, 
which multiplied by 1.40 gives 

log 5.21.9 = 1.0024 
log 49.5 — 1.6946 
log pu! = 2.6970 
po = 497.7, . 
which checks the result already found. 
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Where the points do not lie so ЖОО оп the line as in 
this example, it would be better after obtaining the slope of 
the line to write pv" = C, and having n, substitute the given 
values of p and v to find C. Make this computation for each 
pair of values given, and take the average of the values found 
for C. 

Exercise. Find the equation ‘connecting Q and h from the 
following observed values. | 

Ah .583 667 | .750 834 .876 .958 
Q 7.00 7.60 7.94 ` 8.42 8.68 9.04 


. 199. The curve y = ab*, or у = ае, where e= 2.71828 .... 
Certain physieal quantities are connected by an equation of 
the form y = аф” where a and b are constant. If it is thought 
that two quantities for which several corresponding values are 
known obey this law, they may be tested, and, if the law is 
fulfilled, the values of the constants determined as follows: 
Plot the points whose abscissas are х and whose ordinates are 
log y. If they lie on a straight line, the supposed equation is 
correct, otherwise not. This follows from the fact that if 


: ? y = аф, " : : (1) 
then log y = log a + 2106 b, лш, (2) 


and the converse. 

Suppose the points (x, log ‚1 lie on a straight line. The 
slope of this line is then the value of log b (see eq. (2)), from 
which b may be found. Also the intercept of the line on the 
axis of ordinates is log a. From this intercept a may then be 
found. However, it will be more accurate to obtain a from 


the average of the values of A after b is determined from the 


line. 
In some cases a is 1, and this will be indicated by the 


straight line passing through the origin. 
If it is desired to express у = ab" in the form у = ае“, one 
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has only to let b = e, for then b*=(e*)*=e*. To determine X, 
| | | logb _ logb 
log b = k loge, or КЕ ав, 
ExAMPLE.: The values of a and y of the following table are 
thought to be connected by an equation of the form y = ай“. 
2 2 3.2 4.7 8.5 10.3 126 


y 7.086 12.64 26.07 163.0 - 3884 ` 1178 

Form then the following table: | | | peo. Ж 

z2 3.2 4.7 .8&5 103 126. 
logy .8504 1.1017 14161 2.2122 2.5893 3.0711 


Plot the points (æ, logy). They are seen to lie on a straight 
line. А ; Е | 


HISSA 
Pett TE а 
Pit Ti Tt ttt TA 
see aaa 
ptt TTT AT 
ЕЕЕ 
a) ЕР ЛШ ИШ 
DE г, 
> LAU TAT TTT 
> EEE? ТТТ 
Нишираишвшшиш 
ЕТЕТ 
TT eit Tt ttt Ty 
PABENENENEERBENN 
YET TTT TTT eye 
ЕЕЕ Иш ШШ E 
; Pit EE CLIC tty Cl 
0 NE Ж 10 15 
Гс. 149. 


The slope of this line, computed by using the extreme values 


12.6 — 2. . 10.6 
Hence Е 1065 = .2095, | | 
» b = 1.62. | из 
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To determine aqa а= A 
log a = log y — æ log b 
= log y — .2095 2. 


Using x and logy from the table of values, the following 
values of log a are obtained. А 


4314, .4313, .4314, .4314, 4314, 4314. 


The average of these is 
| log а = .4314. 
a= 2.10. 
^g = 2.70(1.62°).' 


200: Some special substitutions. In some other cases, if the 
law connecting the variables is suspected, the correctness of 
the supposition may be easily tested by a substitution which 
will reduce the problem to that of the straight line. 

For example, if it is thought that the relation is y=a+ ^ 
plot the points (5 А ) If these points lie on a straight line, 


the assumed equation is correct, and the Шан a and 5 can 
be found from the graph. | 

In like manner the equation zy— ac + by, an hyperbola, 
may be written | 


BELL Ta @ 
ог Я а= фа, С. (2) 
y 
CN UA ba s. ` À 
1=-+-, 
ог | 4 ясал. Jm (3) 


and these may be reduced to the straight line form 7 using 


u for * in (1), u for * - in (2), and и and v for 1 and 1 re (3). 


280 ' . ANALYTIC GEOMETRY 


Exercise. Prove that the following points lie on a curve 
of the form zy == az + by, and determine a and b. ` 
o 1.59 196 227 3.12 65.00 715 167 
y 885. 111 -1.28 1.85 3.24 5.10 22.0 


201. The curve y=qa + 52x са? + да? + ... 4+ Коа". - When 
по other equation can be found to fit the given points the 
equation | _ "M 

у= а + 0х4 са + а? 4 e p Ка 
may be assumed, and by substituting the codrdinates of the 
given points enough equations can be obtained for the deter- 
mination of the constants a, б, c, +. k. 

The number of terms to assume will depend upon the num- 
ber and location of the given points. If the eurve on which 
the points lie diverges only slightly and in one direction from 
a straight line, it will usually be sufficient to assume three 
terms on the right. This, of course, makes the curve a pa- 
rabola. But each ease must be settled on its merits, and the 
construction of the curve from the equation which is found 
will be the test of the accuracy with which it fits the given 
points. | | 
. ExaMPLE. To find the equation of a curve through the fol- 
lowing points: | "imd 
2... 8 23 | 39 53 . 68. 

y 10 19 27 33 36 : 
These points when plotted are seen to lie on. a curve which 
resembles a portion of a parabola with axis parallel to the 
y-axis. Itis worth while then to try 
у= а-+ bz + ca’. 


Take the two extreme points and the middle point for the de- 
termination of the coefficients. The equations obtained are 
| 10=a+ 85+ 64e, ; 
27 = а 4-395 4- 1521 с, 
36 = a + 63 b + 3969 c. 
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Solving these equations, a | | 
| а= 4.68, ` b=.697, с= — .00315. 
Hence the approximate equation is _ 
у = 4.63 + .697 æ — .00315 2%, 


The substitution of the intermediate values of x not used in 


the computation of a, b, and e give, ` | I 
for 2 = 23, у = 18.99, 
for x = 53, у = 82.72, 


which are reasonably close to the values. of 19 and 33. 

If greater accuracy is desired, four or five terms may be 
assumed on the right and then four or five of the given points 
used to determine the constants. 

. Again, different sets of the given points might be used to 
determine the constants and average values of the constants so 
found used. 


EXERCISE XLII 

1. In an experiment to determine the deflection of a beam of varying 
length the following measurements were made :- 

Length (in) 12 16 20 24 28 832 36 40 
Deflection (in.) 017 .043 .085 .145 .220 .842 .612 718 

Prove that the deflection @ and the length Z are connected Pony an 
equation of the form 
1 d= CL", 
and find the values of n and C. 

2. Find an equation connecting x and y to fit the following values : 

2 6 12 16 22..28 84 48 60 

y 801 170 2.54 8.98 5.58 7.32 10.17 16.22 

3. Prove that the following values of z end y satisfy an equation of 


the form 


ax 
y-—z——— d 


1+ 62 
and find the values of а and b. | 


æ 5. 1.2 2.0 84 41 5.8 
у 1.08 2.41 3.71 5.56 6.33 7.46 
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4, The following numbers are taken from a table : 


£' 11 14. 2.0 2.6 8.4 4.1 6.8 7.8 9.8 
y | .095 .886  .693 .956 1.224 1.886 1.841 2.054 2.282 


Find the equation connecting x and y. 
. Воввевтіох. Plot the points (log x, y). 


b. Prove that the following values of u and v satisfy an equation of 
„the form v = а + 2, and find the values of а апа b: 
u 6 11 17 28 61 64 
v 186 4.00 2.37 1.84 1.83 1.28 
6. Find an equation to fit the following values of p and v: - 
mE (Try por = C) 


v 42 47 5 655 62 7 8 9 
p 105 92 86 378 68 60 658 46 
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CHAPTER XVII i 


COÖRDINATES IN SPACE 


202. е ате codrdinates in space. As оп а straight 
line one quantity was required to determine the position of a 
point, and in the plane two quantities, so in space three quanti- 
ties are necessary. One way.of choosing these quantities is 
the following: Through any point O, chosen as an origin, draw 
three mutually perpendicular lines OX, OY, OZ. These lines 
determine three mutually perpendicular planes XY, XZ, YZ. 
From any point Pin space let perpen- : 
dieulars be drawn to the three planes. 
Then the distances measured from the 
planes to the point are called the rec- 
tangular coordinates of the point P. 

Let distances measured in the direc- : 
tion of OX, OY, and’ OZ, i.e. to the 
right, forward, and upward, be counted . 
as positive, and distances in the oppo- ` 
site direction, е. to the left, backward, 
and downward, as negative. Then to 
every set of three real numbers there corresponds a point in 
space and conversely. 

The distances SP, QP, and NP (Fig. 150) are called respec- 
tively the æ, y, and z of the point P, and the point is denoted 
by (2, y, х), or by P(g, y, 2). | 

The plane containing OX and OY is called the ТЕН and 
‘similarly for the others. 

The three planes containing the axes are known as coördi- 
nate planes. [ 


Ета. 150. 
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The eight portions of space separated by the codrdinate 
planes are called octants. 

Two points are said to be symmetric with respect toa plane 
when the line joining the points is perpendicular to the plane 
and is bisected by it. 


EXERCISE XLIII 


1. Locate the points (1, 8, 2), (— 1, 3, 4), (1, — 2, 4), (1, 8, — 2), 
(2, — 8, — 4), (—1, — 2, — 3), (— 1, — 2, 2 (— 1, 8, -2) (0, 1, 2), 
(2, 0, 0), (0, 0, 0). 

2. Show that the line OP in Fig. 150 is the diagonal of a а 
parallelopiped of which the numerical values of х, y, and z are the lengths 
of the sides. . А 


3. Show that OP = Va? + y? + а 


4. Find the distance from the origin to each of the points, а, 8, —2), 
(3, — 1, 4), (2, — 1, —3).. 

: 5. Find the point symmetric {о öneli of the following points with. 
respect to each of the cobrdinate planes, (2, 8, s (-8, — 1, — 2), 
(8, — 1, 2). 

6. Find the point symmetrie to each of the Жө noni with 
respect to the origin, (2, 8, 5), (— 2, 4, 3), (8; —4, -—1). 

T. Prove that (a, b, c) and (— a, — b, — c) are RUE with 
respect to the origin. 

8. What is the value of x for any point in the 09 ? What 
therefore is the equation of the yz-plane ? What are the equations of the 
other coórdinate planes ? Е 

9. Where do' all points lie that have х — 0 and y = 0? What are 
the equations of the coórdinate axes? . 


10. Find the locus at points which satisfy the following gets of 
conditions : 


(а) a=y,2=0.. í ; (7) х= 2, у = 8. 

(b) 2 = 5, 2 = 2. (д) 22 + у? = 16, г = 0. 

(0) у= 2, 2=— 2. 2E yp fq 0. 
| (d)z2y-s. S. h) atp Mz 


(e) —ж=у,у=з. | Ci) Pauen 
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203. Distance between two points in rectangular coördi- 
nates. Let the points be Pj(z, y, 2) and Р,(2, ys 2). 
Through P, and Р, pass planes parallel respectively to the 
three coórdinate planes. These three planes form a rectam 
gular parallelopiped of which P,P, is the diagonal, and the 
edges are respectively the differences of the coórdinates parallel 
to the edges. , i 

Thus, i in Fig. 151, P.N — ae ж, NM = у — y» MP, =%— ye . 


But |o BP;PA + NM’ + MP, 
"GO —PP,— У (x — ж»)? + (э, — yi) + (@— 23)". 


Fia. 151. 


If the two points are the origin and the point (a, Y, Dt this 
formula becomes : 


d —va-ry? +27, 


204. Point dividing & line in a given ratio. If the point 
(2, у, 2) divides the line from (a, y,, 21) to (2, У» 2з) in the ratio 
r:1, then 
| ME ЕТИ, aatra | 

1+” 1+” 1-T"r 


The proof is left to the student. 
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EXERCISE XLIV 
1. Find the distance between (3, 4, — 2) and (— 5, 1, — 6). 

2. Prove that the center of gravity, i.e. the intersection of the medians 
of the triangle whose vertices are (zi, уз, 21), (Xe, ya, 22), and (zs, y» 23), 
is т + Xp + ig s и + уз + Ys Zi + 28 + 23\ 

3 3 3 


8. Show that the lines drawn from the vertices of a tetrahedron to the 
intersection of the medians of the opposite faces meet in a common point 
which is $ the distance from each vertex to the opposite face. 

4. Write the equation which expresses the condition that (x, y, D 
shall be equidistant from (0, 0, 0) and (3, 5, 1). What is the locus of 
(2, y, 2)? . 

Б. Write the condition that (x, y 2) shall remain at the distance 
4 from (0, 0, 0). What is the locus of (x, y, 2)? 


6. Find the equation of the surface of a Sphere with center at 
(2, 1, — -8) and radius 5. 


205. Polar coürdinates. A point in space may be deter- 
mined by its distance from the origin and the angles which the 
line from the origin to the point 
makes with the rectangular coördi- 
nate axes. 
Thus, let OX, OY, OZ,be a set of 
` rectangular axes, and let P be any 
point in space. Then OP and the 
angles a, 3, y, between OP and the 
axes of 2, y, and 2, respectively, de- 
termine the position of P. If 
OP =, the point may be denoted 
by (r, a, B, y). The four quantities T, 0, B, y эте sometimes 
called the polar eoórdinates of P. 
It is convenient to restrict r, œ, B, y to т values, and 
to further restrict the angles to values not greater than 180°. 
Any point in space may be represented by such values of 


T, &, В, у. 


Fio. 152. 
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` The angles a, B, y are called the direction angles of OP, and 
the cosines of these angles the direction cosines of OP. 


. 206.. Relation between rectangular and polar coordinates of 
а point. From Fig. 153, if the rectangular coordinates of P 
are 2, y, 2, then the following rela- | 

tions are seen to hold: 


a = т cos а, 
y = т cos В, 
2 = т сов ү. 


Since r = Va? + y* + 22, the above 
equations may be solved for the 
direction cosines and the following 
values obtained : 

__®__ 

уа? + у? + 22 І 

сов В = oe ЕА 
Ма? + y? + ай + 0% te 


сов ү = ME MAN 
| Маз + yia e 


сов а = 


207. Relation between the direction cosines of a line. 


Derinition. The direction cosines of a given directed line 
are the direction cosines of a line drawn from the origin in the 
same direction as the given line. 

If the three equations of the preceding article, 


€ = т COS 0, 
0 = т сов В, 
2 == т COS y, 


be а and added, there is obtained 


a? + y° + 2 = r (сов? æ + cos" B + сов? y). 
But ++ Par | 
вова + сов В + сову =1. . 
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Hence, the sum of the squares of the direction cosines of any 
straight line is 1. 


208. Direction cosines of a line joining two points. Let 
Р, (ж, у, %) апа Pil» ys Za) be any two points in space and 
consider the line as directed from P te Py 


: Еа. 154. 
. Let the direction cosines of P,P, be cos «, cos B, соз y. 
Then сов а = 22—21, сов В = =n, eos ү = 22 32. 
where 0 d—v(m—oxy4 Ci — 9s). + (à — 23). 


These relations are evident from Fig. 154. 


209. Spherical coordinates. Again, take the three mutually 
perpendicular axes OX, OY, OZ. , 

Let P be any point in space. Then the position of P is 
determined by the distance r, or 
ОР, and the angles 0 and $, where 
9 is the angle between OP and the 
positive OZ, and $ is the angle be- 
tween the positive OX and the 
orthogonal projection of OF upon 
the xy-plane. 

The point is denoted by (>, б, Ф). 

The quantities r, 0, and ф are 
called the spherical coórdinates of 
P. 

Fia. 155. The student can easily show 
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that if P has rectangular eoórdinates (x, y, z), then the relations 
between the rectangular and spherical coordinates of the point 
are i | | 
æ = твір Ө cos ф, 
y = r sin Ө sin ф, 
2 = ғ сов Ө. 
Spherical coórdinates are useful in some surveying and as- 
tronomical problems. 


EXERCISE XLV. 
1. Find the direction cosines of the line from the origin to (2, — 1, 3). 


9. Show that if any three real quantities, а, b, c, be chosen, а line 
with direction cosines proportional to these quantities can be found, and 


that the direction cosines are A T 1 ,whered — va? bc. — . 


3. Find the direction cosines of the line from (3,1, — 2) to (— 1, 4, 3). 
Draw the figure. 


` 


. 4, Given cos @ = 4, cos B = 4, find cos y.` 

5. Find the rectangular coördinates of a point whose polar coördinates 
are (2, 80°, 45°, y). How many solutions ? 

6. Find the spherical coördinates of a point whose rectangular coördi- 
nates are. (3, 2, 4). 

7. Find the spherical coórdinates of a point in terms of the rectangular 
eoórdinates of the point. 

8. Show that reversing the direction of a line changes the sign of each 
direction cosine, 

9. Write the direction cosines of each coórdinate axis. 


210. Projection of a line upon another line. 

Derinition. From the extremities A and B of a line АВ 
drop perpendiculars upon a line MN, meeting it in C and D 
respectively. Then CD is called the orthogonal projection of 
ABupon MN. (Fig. 156.) 

Only orthogonal projection will be used in what follows, 
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and projection will be азаб ба {о шеап orthogonal pro 
jection. ; 

Derinition. The angle between two онар lines 
is defined to be the angle between two intersecting lines drawn 
in the same directions respectively as the given lines. 


If ais the angle between AB and M7 N, and і is the length of 
„АВ, then З 


cos a = projection of 4 B on MN. 


Proor. Through B pass a plane perpendicular to MN and 
through .4 draw a line en to MN to cut this pu in E. 
(Fig. 156.) 


Then | АЕ = CD. 
But : Я Ай =ош 
.. ОР = 1 cos a. 


(If а> 90°, Ор is negative, i.e. is- opposite i in direction to 
MN.): 


211. Projection of a broken line. The projection on any 
axis of a straight line joining two points is equal to the sum of 
the projections on the same axis of the sides of any broken 
line connecting the two points, if the parts of the broken line 
are directed so that the beginning of each side after the first is 
at the end of the preceding. ; 

This is evident from the definition of projection. · . 
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Fic. 157. 


m EE ` ab=ac+cd + de+ ef + fb, | 
or proj. AB = proj. AC -- proj. CD + proj. DE + proj. EF 
5. Ё + proj. FB. 


If 1, 1, lp +++ 1, are the lengths of AB, AC, CD, --- ЕВ, respec- 
tively, and а, a, оз, --- a are the angles between these lines 
and MN, then 


l cos æ = 1, cos ол + l cos e, + +++ +1; COS ay 


212. The angle between two lines in terms of their direction 
cosines. Let two lines have direction angles a, Bu у, and as 
B» ya respectively, and let 6 be the angle between them. To 
find the value of б. 

Through the origin draw two lines OP, and OP, having the 
same directions respectively as the two given lines. 

Let the coórdinates of P, be (ж, у, 2) and let OP, zr. 

On ОР, project OP, and the broken line OM .- MN 4- NP, 
(Fig. 158). Since "S 

` proj. OP, = proj. OM + proj. MN + proj. NP, 


therefore, 


‚ту COS 0 = d, COS оъ + Yı COS By + 2, COS ys. 
R ДА 
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But æ == т C08, У = 7 COS B, 2, = 7, 008 уу. 
e*, f, COS 0 = түс» «у COS 0 + тү COS 8, сов 8; + 7, COS у, COS уз 


or cos Ө =cos ал cos a; + cos В, cos Bz + cos ү, cos Yz 


Fig. 158. 


(Notice that if one, or more, of the codrdinates а, уз, 21 is 
negative, e.g. у, then — y, is the length of MN, but 180° — B: 
is the angle between MN and OP,; hence the middle term is 
— у, cos (180° — B,), which is the same as у, cos 8+) 


EXERCISE XLVI 


1. Find the projection of the line from @, 1, — 3) to (8, — 4, 5) upon 
each of the codrdinate axes. | 


2. The direction cosines of a line are төрөй {о 2,8, ‘id — 4, 
Find their values. . 
3. Express in terms of the direction cosines of two lines the condition 
that the two lines be parallel. The condition that they be perpendicular. 
4. Find the angle between two lines whose direction cosines are 
respectively proportional to 2, — 1, 8 and 1, 8, —2. 


CHAPTER XVIII 


LOCI AND THEIR EQUATIONS 


213. Certain straight lines and planes. The student has 
already considered some simple equations of straight lines and 
planes. For example, 2 = а is the equation of a pans parallel 
to the yz-plane. 

The two equations y = b, z= c, represent a straight line par- 
allel to the z-axis, me intersection of the two planes y = b and 
g == с. 

The two equations z — y, 2 — c, represent a straight line, the 
intersection of the plane z — c and a plane bisecting the dihe- 
dral angle between the xz-plane and the yz-plane. 


214. Cylinders with elements parallel to а coórdinate axis. 
Consider a circular cylinder with the zaxis for its axis and 
with radius r. (Fig. 159.) 

‘If any point P be taken on the sur- ` 
face of this cylinder, the x and y of 
the point are the same as the æ% and 
yy of the projection of the point on the 
xy-plane. But these latter values 
satisfy the equation of the circle 
а? +y = 02. Hence the codrdinates 
of Р satisfy the same equation. 

The equation of the surface of the 
cylinder is therefore 


ef y= т. 
In like manner it may be shown 
that if a straight line, kept always parallel to the z-axis, is 


moved along any curve in the zy-plane, a cylindrical surface is 
248 


. Fro. 159, 
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generated which has the same equation as the equation of the 
curve in the zy-plane. | ; 

Thus the equation 3 = 4 2, interpreted as an equation of a 
locus in space, is the equation of a cylindrical surface generated 
by a straight line parallel to the z-axis, moving along the curve 
y? = 4 ж in the zy-plane. 

Likewise an equation of the form y — f o ad “y equals f 
of 2,” i.e. y is a function of z, is the equation of a cylindrical 
surface generated by moving a line parallel: to the x-axis oe 
the curve y = f(z) in the yz-plane. 

The student should describe the locus in space of Hia equa- 
lion z= f AA 


EXERCISE XLVII , 


Describe and sketch the loci in space of the following equations s 
1. ж? + 22 —20. . Б. 22 —2pz. 


2. (х — а)? + (у —– b) = 12 6. S y a 
3. zcos a + y sin a =p. ad b 
Т. y — 22 = а, 
20-1. 
Ы 5 8. у= тг + с. 


-215. Surfaces of revolution. If the equation of a curve in 
. one of the codrdinate planes is 
known, the equation of the sur- 
face formed by revolving this 
curve about one of the coórdinate 
axes can be obtained from it. 

As an illustration, consider 
the surface formed by revolving 
about the a-axis the parabola 
yY —4s. 

Let P(x, y, 2) be any point on 
this surface. Then (Fig. 160) 


x= ОМ, y= MN, z= NP. 
Since MP= МЕ, it follows from the equation of the parabola 


Ета. 160. 
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that 
MP = 4 ОМ. | 

But U ENE Se ee 
y! dz =4х. 


This is therefore the equation which is true fous any point on 
the surface, and clearly for no other points, and hence is the 
equation of the surface. . 

The process of obtaining the equation of the РА from 
that of the curve in the zy-plane consists in replacing y by 
М +2. 

In general, if any curve in the xy-plane, F(x, a 0, be re- 
volved about the a-axis, the equation of the surface formed is 


F(a, Vy? +2) =0. 


EXERCISE XLVII © 
1. Find the equation of the surface generated by revolving the curve 
y? = 4 х about the y-axis. Sketch the figure in one octant. 


2. Find the equation of the surface generated by revolying the circle 
x? + y? = 12 about the z-axis ; about the y-axis. 


8. Find the чоп of the surface of the spheroid кек, by. re- 
volving the ellipse © E ane z = 1 about the y-axis. Thespheroid is said to be 
a 


oblate if a > b, prolate if a < b. 


` 4. Find the equation of the surface of a cone generated by ш 
the line у = mæ about the z-axis. 


216. Nature of locus dermed by plane sections. · It is 
frequently useful, in trying to determine the nature of a locus, 
to find the intersection of the locus by a plane. Generally the 
planes parallel to the coórdinate axes, or else containing a 
eoórdinate axis, are the simplest ones to use. 

ExaàMPLE 1. As an illustration, consider the locus of the 
equation l | 


++ ®=1. E 
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If in this equation z be set equal to zero, the resulting equa- 
tion represents the part of the. locus which lies in the plane 
z = 0, ùe. in the xy-plane. 


а? 
athl 


is the equation of the intersection of the locus of eq. (1) and 
the zy-plane. 

This intersection is called the trace of eq. (1) in the zy-plane. 
It is an ellipse with semi-axes a and b lying on the axes of æ 
and y, and with center at the origin. 

Likewise the equations of the locus in the az- and the yz-planes 
are shown to be respectively the ellipses 


áud | y j- А 


To find the trace of the locus of eq. (1) ina iine parallel to 
the yz-plane let x be held constant in eq. (1) and y and z be 
allowed to vary.. Letting 2 = in eq. (1), the resulting equa- 
tionis . | 


TER 
а а 


in which the constant term E is transposed to the right side of 
a 


the equation. 
This equation may be written 


ОЕ aa RPM 
P om азу 
| @ a? = 
This is the equation of an ellipse, if А < a’, with axes in the 
planes of zy and 22, the values of the semi-axes being 


| p! OV суа? — К, 
| a a 


and с = 
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Hence any section of the locus of eq. (1) by a plane paralle. tctbe 
yz-plane, and distant less than a from the origin is an olipas with 
axes in the planes of zy · $ 
and zz. Аз К changes 
gradually from 0 to a, . 
the semi-axes of the 
ellipse change gradually 
from b and c to 0. The 
locus of eq. (1) may then 
be thought of as gener- 
ated by an ellipse of 
gradually varying di- 
mensions moving with 
its axes in the planes ; 
of xy and xz. The locus is therefore a surface. 

Since all sections parallel to three mutually perpendicular. 
planes are ellipses, the figure is called an ellipsoid (Fig. 161. ) 


ə ExAMPLE 2. To find the locus of 


Ета. 161. 


а 2y!—4z. | (2) 
If z is held constant, z = k, the equation may, be written 
г 
4k it 2k 1, 


which is the equation of an dilins if k > 0, but ad no locus if 
k<0. When k=0, the equation is satisfied only by the point 
(0,0). Therefore а section of the locus of eq. (2) by a plane 
parallel to the zy-plane is an ellipse if the plane is above the 
zy-plane, but there are no points below the xy-plane which 
satisfy the equation. 

If z — 0, eq. (2) reduces to y? = 2 2 which is the equation of 
a parabola in the yz-plane. 

If у= 0, eq. (2) reduces to a? = 42, which is the equation of 
a parabola in the zz-plane. 

The locus of eq. (2) may therefore bethought of as a surface 
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generated by an ellipse, moving in a plane parallel to the æy- 
plane, its center on the z-axis, and so changing in size that the 


FIG. 162, ` 


ends of its axes are always 
on the curves y?=22 and 
а%#:= 42. (Fig. 162.) 

The figure is called an 
elliptic paraboloid. : 


217. Locus of an equation 
in three variables. In gen- 
eral an equation in three 
variables represents a sur- 


face. For if any one of the 


variables be held constant, 


‘an equation between the 
. other two variables is ob- 


барва) which in general represents a curve, as was found in the 


study of loci in two variables. 


The locus of the equation in 


three variables is then such that in general its intersections by 
planes parallel to the coórdinate planes are curves. Therefore 
the locus of the equation is in general a surface. | 


| 


EXERCISE XLIX 


Discuss and sketch the loci of the following equations : 
a2 + y2 + 22 = т, 


1. 


© 9o ф ю 


у? = + 2. 

. €--y -2—l. 

. 22 + у + 422 = 1. 
х? + y? — 22 = 0. 
. 22 + 422 — 92, 
£-4-y = віп 2. 


CHAPTER XIX 
THE PLANE AND THE STRAIGHT LINE 


L THE PLANE 


218. The normal equation of the plane. Let p be the length 
of the perpendicular from the origin upon a plane, and let the 
direction angles of this perpendicular be a, B, y. 


2 


“Fig. 163. | | 

Let Р (a, у, 2) be any point in the plane. Project the 
line OP and also the broken line OM + MN + NP upon the 
perpendicular. (Fig. 163.) These оа are equal. 
oi 211) | 

‚ @ соз œ + y соз B + z cos у = proj. of ОР оп он, (Art. 211) 
or xeosatycos В +2 ceos ү = 2р. : 

Since this.is true for any point in the plane, and for no 


other points, it is the equation of the plane. 
249. 
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It is known as the normal equation of the plane. 


219. The intercept equation of the plane. If the above 
plane meets the axes in (a, 0, 0), (0, 5, 0), and (0, 0, с), then 


=P cos B 2, cos =f. 
COS a P B= i. 7 


Substitute these values of cos о, cos В, cos 1 in the equation 
of the plane and Ше results |j 
y у? 
920. The general equation of the first degree in 2, y, and z. 
The general equation of first degree in v, y, and 2 is 
Az + By t Cz+ D=0. IE (1) 
Consider the point Q whose coórdinates are the coefficients 
of a, y, and 2; Фе. the point (A, B, C). (Fig. 164.) Let 09 
have direction i d а В, у. Then 


Fro, 164. - 
cos & = eos В = —\, cos ie 
og 209 0Q 
where Og 2 VA +B TO 


Dividing өң: (1) through by + V4’ + р: + С, it may be 
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written in the form ; | ка 
А 2 В C 


a tt + уф 2—2 
+ У4+Вӊ+6 4VA+ B+ +у4+5+‹% 
| не М 


(2) 


-D 
+ VA? + B+ С° 


- pis —D 
is positive, and let p = ——__—_—————-._ fq. (2 then 
n xi vAmpor Ba ©) may the 


Vat B+ 0 


· Let the sign of the radical be chosen зо that 


be written А ; | 
€ cos а’ + y cos В' + 2 cos у = р, 

in which о, B', y', are the same as а, B, y, or are the direction 
angles of the line from the origin to (— А, — B, — C), accord- 
ing as the positive or negative sign of the radical is chosen. 

~ In either case the equation is the equation of a plane by 
Art. 218. "Therefore the equation 


Ах + By + Cz -- D=0, 


in which A, B, C, D, are real quantities, is the equation of a 
plane. If р is the length of the perpendicular from the origin 
to the plane, and о, B, » are the direction angles of this per- 
pendieular, then 


cos а = —————— cos B = |. 
+ Bee + VÆ + В? + С 
С -D ; 
сов Y = —_—__———_., P => — : 
+ УЛ + BU c + МА? + В? + ©" the PAS sıgn 


of the radical being used throughout, and so chosen that p is 
positive. 
221. Distance from a point to a plane. 


(The case where the point and the origin are on opposite 
sides of the plane is the only one discussed here.) 
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Let 4 be the distance from (zy Yy 21) to the plane whose 
equation is 
ж cos a+ y соз В +z cos y — p. 


Through (25, thy 2; draw a plane parallel to the given plane, 
| Since the per pendieular from the 
. origin to this plane is in the same 
Gm ¥»%) direction as that from the origin 
to the given plane, the equation of 

the second plane is 


y сов -+y cos B +2 cos у= р". 


Since (a, y, а) is on this plane, 


| ау COS с 2, cos y =p". 
. Fra. 165. Ti COB Yi боз BF соз уер 
But dp — р. 


55 d= 2 бов A + y1 Cos B + 21 cos ү— p. 
The student should show that if the point and the origin 
are on the same side of the plane, the above formula gives the 


negative of the distance from the point to the plane. 
From the above it follows that the distance from (a, Yy 21) 


to the plane Az + By + Cz+ D=0 
ds 49 M А а 4t Вт + Са +D 
me tta + vÆ + В+ Є: 


222. The angle between two planes. Since the angle be- 
tween two planes is equal to the angle between the normals to 
the planes, it follows that the angle between the two planes 

асов а +- y cos В, + 2 соз yi = py 
and . . . & cos а +y cos B, Ez COS Y= Pa | 
is given by 
cos 0 = cos =, COS æ + сов Bı соз B+ сов у, соз Yo 
and that the ке between the two planes 


3 | Awe + By + Cg 4 D,—0, 
and - Ç Ag+ By 4- Ог + D,—0. 
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is given by 

сов = = 4 ——— Aids + В.В: + CIC: | 

VA? + Bi С? VA? + В? + С 
EXERCISE L | 


Find the lengths and direction cosines of the perpendiculars from the 
origin upon each of the following planes. Reduce each equation to the 
normal form. 


1. 22—8y4+42=6. 2 82—65y—22=0. 
3. 82 +4у= 2. 4 х+у+г=1. 
Find the distance from the following points to the planes: 
From (3, 1, 2) to 22 —8y -- 72 —2. | 
From (— 1, 8, 2) toz4+2y—z2=65. © 
From (0, 0, 1) to2z —y —4. 
Find the angle between the two planes of example 1 and example 2, 
. Find theangle between the two planes of example 8 and example 4. 


оомо я 


П. THE STRAIGHT LINE 


223. The equations of a straight line through two points. 
Let the two given points be Р, (a, Yy 21). and Po (oy уо ^) Let 
P(x, y, 2) be any point on the | 
line through Р; and Р. Pro- 
ject P,P and P,P, upon the 
x-axis. Then, by plane geom- 
etry, M 


MM PP 
MM, P,P, 
. 2- PP 
&—® P,P; 
In like manner it is shown that 
y-n BP 
Yer У Р.Р’ 
EL z—zn PP. 
and . е = PP, 
D T Y-Y 2-2, 


Zz — Lı у Yı #2 — 21 
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These equations are therefore the equations of the straight 
line. 


224. The equations of a straight line through a given point 
and with given direction cosines. In the preceding article if 
the line makes angles о, B, y with the axes, and if d= P,P, 
then 

.. eos a= а Ат, сов B= 2—0, eos y= 2—4. 
Substituting the values of 2, — %, y; — Yy 2. — 2 obtained from 
these equations in the equation | 


€ —, z4—A.7—5 f а) 


there eui on dividing through by d, 

-vı y—-y 2-25. | ЕС (2) 

cosa — cosp - cosy | 
Hence these are the equations of a straight line through 
(£p у, 2) with direction angles о, B, у 

Any equations of the form 
| L- Vi Y-Y. 

| | l ют "н 
are the equations of a straight line through (a, у, 2) with di- 
rection cosines proportional to J, m, n. For these equations 
have only to be multiplied by A Ё Б ті + т? to bring them 
into the form 


VF + mtn? VP +mitn? VP + m+n? 
which are the same as eqs. (2), since the denominators in 
these equations are the direction cosines of a Sup line. 
(Art. 206.) 


225. The general equations af a straight line. Since a 
straight line is the intersection of two planes, the equations 
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of two planes may be taken as Pine general equations of а 
straight line. Thus 


А, 4- By + Cg + D, = 0, 
and 0 4 + By + Cg 4- D, = 0, 


are the equations of a straight line. ; 
Since one straight line is the intersection of an indefinite 
number of pairs of planes, 
the same straight line may 
correspond to an indefinite 
number of pairs of equa- 
tions of first degree. | 
A line not perpendicular 
to the x-axis may be repre- 
sented by equations of the 
form 


y-mz-4-b, 
and z-mz-e. (Fig. 167.) Y 


‚ = 


Hr. 


Еа. 167. 


If it is perpendicular to Е 
the z-axis, but not to the y-axis, its equations may be written 
2=а, 
z— my +b. (Fig. 168. ) 
If it is perpendicular to both 
_ the æ- and y-axes, ùe. is parallel 
- to the z-axis, its equations may 
x be written 
C= а, 


yb. 


EXERCISE LI 
1. Find the direction cosines of 


the line 
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2. Find the direction cosines of the line 


y=32 + 5, 
ё= 9х + 1 
3. Prove that the direction cosines of the line 
` y = тх +b, 
sa ea z=nz4+c 
are proportional to 1, m, n 
4. Prove that the line 
| 2 0 ton Yon 


: i m > n 
is perpendicular to the plane | 
lx + my +nz+p=0. 
5. Find the angle between the line 
N: 2z—8 y.e-l 


2 4 -—1 
and the perpendicular to the plane 
825—2 y+ 42=0, 
.6. Find the pene between the lines 
220—2 2—8 


2 8 
а: £ti y—3.,12 
ж | атс z+ 
` T. Find the angle between the lines 
м 8ж—2у=4, 
2 3 | 4y—2z-1; 
and dg =2у+8=42— 1. 


8. Find the equations of the line through (1, — 1, 2) which makes 


equal angles with the axes. 


9. Find the equations of a line through " 4, 1) and c 2, 1, 3). 
10. Find the equations of a line through (8, 1, — 2) perpendicular to 


the plane 22 — 3y + 42 = 0. 


11. Find the equation of a plane йш (2, 1,8) parallel to the line 
e=2y+4=32-—1. Also the equation of a plane perpendicular to the 


given line and passing through the given point. 


CHAPTER ХХ 


THE QUADRIC SURFACES 


226. Derinition. The quadric surfaces, or conicoids, are 
surfaces whose equations are of the second degree in rectangu- 
lar eoórdinates of space. 

Certain standard forms of equations of second degree, formed 
by analogy to the standard equations of second degree in two 
variables, will be studied in the succeeding articles. 


227. The ellipsoid. — + ia Sci 


This equation has already been discussed in Art. 216. Only 
the figure is shown here. 


^ Fie. 169. 


If two of the quantities, a, b, c, are equal, eg. if b= zi: the 
equation reduces to that of the spheroid, 


e E =1, prolate if b<a, oblate if b > a. 


в 257 


258 ` ANALYTIC GEOMETRY . 
If a=b = с, the equation reduces to that of the sphere 


а? + Y + 22 = а?. 


228. The hyperboloid of one sheet. 


ely? 2 


Sections of the surface represented by this equation by planes 
parallel to the zy-plane are of the form 


А 2% E 
E5145, 
2 
or соз и ор ! 
| eG (cz (0 27) , 
с? e 


If z is held constant, this is the equation of an ellipse. 
Sections parallel to the az-plane are of the form 


or сер if TR 


Bo m FEF y^) 


If y is held constant, this is the equation of an hyperbola with 
major axis parallel to the 2-axis if у? < 0°, and with major axis 
parallel to the z-axis if y? >b. 

For у= Б, or у= — b, the equation represents two intersect- 
ing straight lines : 

= +20, and 5-0. 
; © i 

The hyperboloid of one ы is sketched in Fig. 170, and 
a few sections parallel to the xz-plane are indicated. 

Sections parallel to the yz-plane are also hyperbolas, and 
have their major axes parallel to the у- or z-axis according as 
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the distance of the section from the origin is less than or 
greater than а. The two sections parallel to the yz-plane at 
the distance а from the origin . : 
are each the pair of straight 
lines. З 

y L*. y 2. 

a ie Жат 

229. The hyperboloid of two 
sheets. . 

2 

Any section of the surface 
parallel to the zy-plane is an 
hyperbola with major axes par- 
allel to the a-axis, the major 
axis and conjugate axis both in- 
creasing as the distance of the 
eutting plane from the zy-plane 
inereases, but their ratio re- 


maining equal to T 


A like remark applies to sec- „ ра 170. 
tions of the surface made by  . | 
planes parallel to the xz-plane, the major axis being parallel to 


the a-axis and the ratio of the axes being equal to = 


‘Sections of the surface parallel to the yz-plane are of the 


form 
Sog 
a 
y E lel 
9r а) а) г 
a? : а? ` 


This is the equation of ап ellipse if а? >a’, but there is no 
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locus if а? < а When x = + а, the locus is a point (a, 0, 0), 
or (—a, 0, 0). ‘ оё 

- Since this hyperboloid consists of two separate parts, it is 
ealled the hyperboloid of two sheets. Only one part is shown 
in the figure. "The other part is symmetric to the part that is 
shown with respect to the yz-plane. (Fig. 171.) _ 


Ете. 171. 


230. The elliptic paraboloid. 


a? yY? z. 
ate 


"The trace in the ay-plane is the Ed €—— 0. The 

trace in the we-plane i is the parabola а? = — P p trace in the 
с 

yz-plane is the “parabola y= Za Sections of the surface 


parallel to the æy-plane are of the form ` 


and are therefore ellipses if Е and c are of the same sign, but 
‘there is no locus if Ё and c are of opposite sign., Sections of 
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the-surface parallel to the z2-plane are the parabolas 


a z_e 
d) c, b, 


$ 2 i "s 
with vertices at | 0, k, i ‚ апа axes parallel to the z-axis.: 
Sections of the surface parallel.to the yz-plane are the parabolas 


yz: К? 


- (V ес а? 
with vertices at | k, 0, 2. , and axes parallel to the z-axis. 
а 


The locus із sketched in Fig. 172, for c positive.: 


Fra. 172. 


РАР 


E ! 
231. . The hyperbolic paraboloid. : 


The trace in the zy-plane is the pair of straight lines 


a 


= y — 0, and 2 7—0. 
. a b 
| | з 1 | 
The trace in the 22-рІапе is the parabola Pa. The trace 


А Б 2 Nae Ы 
in the yz-plane is the parabola у? = — А z. Sections parallel to 
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the zy-plane are the hyperbolas 


Sections parallel to the zz-plane are the parabolas ... 


oe z .. 
a ote 


Sections parallel to the yz-plane are the parabolas 
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Let this surface be cut by the plane y = х ќар 0. Let 2 be 
the distance from the z-axis to any point P on the intersection 
of surface and plane. Then 


y =æ віп 0, 2 = х' сов 0, (Fig. 174), 


and Е | килеш 
а 
- 02 соз? 0 + а? sin? Ө " _ S 
or EE d mum 


Ға. 174, 


This is | the equation of the ТТЕ of the plane and sur- 
face referred to rectangular eoórdinates in the cutting plane. 
The: equation can be factored into two real factors of first 
degree in z' and z, and is therefore the equation of two straight 
lines. Since 2'— 0 and z=0 reduce both of the factors to, 
zero, the two lines pass through the origin. | 

Hence any plane containing the z-axis intersects the surface 
in two straight lines through the origin. 

Moreover any plane parallel to the zy-plane, z= k, intersects 
the surface in-the curve ; 

A 


an ellipse. 
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Hence thé locus of" '- 


is a/cone with vertex at (0, 0, 0), and 
v with the gection 


coy. 
— =1 
| ot 
P the REN c from the ay-plane. 
| (Fig. 175.) . 


233. The right circular cone. In 
the equation of the preceding article 
(7 if a=b, the cone becomes a right 
cirċular cone, 


Itt - be replaced bv m, , the equa: 


‚ tion d the ent circular cone be- 
Fra. 175. "' eomes 
| a + y? — m?z? = 0. 

If z—0, then y=+mz. Therefore the straight lines 
у= + mz are the intersections of the cone and the yzplane. 
Hence the quantity m is the ,_ 
tangent of the angle between i an ' 
element of the cone and its axis. - 

m = tan ф, in Fig. 175. ` 


с 234. The сопіс sections. In. - 
the nd of the cone : 
а? 4 y! — m??? = 0, 

let the y- and 2-ахез be rotated | 
through the angle 6 to the new - 
axes OY' and OZ. The old 
coordinates у and z of апу point’ .. 
in terms of the new coórdinates /^- 

у! and 2 of the point are then Y Fia. 176. 
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given by : : | 
XL z= cos 0 — y' sin 6, 
y —2'sin 0+ y' cos 6. 


The a-coürdinate does not change. (Fig. 176.) 
Substituting in the equation of the cone, and collecting terms, 
the equation of the cone referred to the new axes is 


а? + (sin? 0— -m cos? 6)z" - 2 sin 0 cos 0 а rm?) уг к 
+ (cos? 9 — m sin? 0) y*- 0. 


If in 1 this жок y'is held constant, the intersection of the 
cone and а plane parallel to the zz'-plane is obtained. Since 
the x and 2’ of points in this plane are the same as their pro- 
jections on the zz2'-plane, the equation of the curve of intersec- 
tion is of the form 

| a? + az? 4- dz! -- f — 0, 
where ^. . а= віп? 0 — т? cos! 0, 

S © 1 ‚ d —2 sin 6 соз 0 (1 + m3)y', 

f = (сов? 6 — m? sin? 9) у, ' 


"A discussion of this equation shows that 
(1) If y! — 0, then both d and f are zero, and the equation | 

becomes TAN E | 
UE gaz m0. С^ 


This i is the aqnation of a point if a > 0, ѓе. if tan’ 6 > 7 of 
two intersecting lines if haar < ms and of one straight line 
if tan? 0 = m^ 
^ @у==0. ied | 
- (a) If tan? 0 = т, the ind is of фе form . — 
a | a? + dz! +f=0, 


which is the equation of a parabola. Rea 
(b) If tan? 6 + m?, the equation is of the form 


brin. eh ar ra а + az? -- dz! 70, 


b. 
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which is of the type of an ellipse or hyperbola according as a 
is positive or negative, i.e. according as tan*0 is greater than 
or less than m’. | 


If 6=90°, ie. 
the cutting plane 
is perpendicular to 
the axis of the 
cone, the equation 
reduces to 


а? 2 = my”, 


which is the equa- 
tion of a circle. 
Hence, if a right 
. circular cone is cut 
by a plane: 
| (passing 
through the vertex, 
the intersection is 
a pair of lines, a 
single line, or a 
point, according as 
the angle which 
the plane makes 
with the axis of 
: the cone is less 
than, equal to, or 
greater than the 
angle between the 
axisandanelement 
Б of the сопе; 
Fic. 177. | | (2) not passing 
| ` through the ver- 
tex, the itenati is an hyperbola, a parabola, or an ellipse, 
according as the angle between the plane and the axis of the 
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cone is less than, equal to, or greater than the angle between 
the axis and an element of the cone. 

In the special case where the plane is perpendicular to the 
axis of the cone, the intersection is a circle. (See Fig. 177.) 


EXERCISE LII 


a 


Describe and sketch the loci of the following equations: 


1. 2324 y?-p422 4. 12. a 4+ 2 — 429 —4. 
3. 2+%=4х. _. 4. 22—400 + 22) = 0. 
5. 122 +9222 = у 6. 2—22 = у. M 
2 3 i 
T. y T m om N 8. pv = Rt, R constant ; р, v, t, variables, 
52 с а 
9. “+ = 6у. (00039. Paty. 


11. (z— 1)? + (y + 2)? + (z + 1)? = 16. 
12. a3 + yl + ot = аб. 13. ot + yt 4 et = аў. 


|. CHAPTER XXI ` 


»  " С SPACE CURVES 


235. Introduction. In this chapter a few curves in space, 
which do not lie in a plane, will be considered, and: the equations 
derived. ° E 20 e ЕЕ 


236. The helix. The helix is a curve traced on the surface 
RE gr tue . of a right circular cylinder 
by а point which advances 
in the direction of the axis 
of the cylinder at the same 
, time that it rotates around 
the axis, the amount of ad- 
vance being proportional to 
the angle of rotation. ` 
To find the equations of 
the helix, let the axis of z 
be the axis of the cylinder 
on which the helix is traced, 
a the radius of the cylinder, 
b the amount of advance 
along the axis to each radian 
of rotation, and let the a-axis 
be chosen to pass through 
a point of the helix. ' Then, 
if 0is the- angle of rotation 
around the axis, the values 
' . ofa, y, and z of any point on 


Fia. 178. | ‚ the curve are 
© а= 0086, 
У = а вір б, 


a — b 6. Е (Fig. 178.) 
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`` 237. The curve of intersection of two cylinders of unequal 
radii, with axes intersecting at right angles. 

Let the axes of the cylinders be the x- and y-axes a ca 
the radii a and b respectively. 
(Fig. 179.) The equations of a ; 
surfaces are then Rr 
À | ‚+ #=в@, © 
апа а? + 2? = 0. 

These equations, regarded as simul- ` 
taneous equations, are therefore 
the equations of the curves of ‘in- 
_tersection. 

. The equations of ах curve may 
be written in the parametric form, 7 
as in the case of the helix, by let- 
ting z equal some arbitrary function of another variable and 
then solving the equations for x and y. E.g. if 


Fia. 179. 


| г = а sin б, ш. | 
then. -- p. t5 у= + а соз 6, | E 
and я nc VEI gu 


Or 2 itself may be considered the parameter, and the equations 
written in the parametric form 


ics I—E (^ 
» у= + Va 8; | 
2 = 8. 


238. The curve of intersection of a ee and circular 
cylinder. 
. Let the sphere have its center at the origin and radius a, 
and let the cylinder have its axis parallel to the a-axis, cutting 
the z-axis at 2 = c, and radius b. | | А 
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. The equation of the sphere and cylinder are then respectively 


а? 4-y* + = а?, 
апа ко PHE- =. | 


These equations, rewarded as simultaneous equations, are there- 
fore the equations of the curve of intersection. | 

The student should sketch the figure. ‚ 

The coórdinate z may conveniently be considered the inde- 
pendent variable and have arbitrary values assigned to it, the 
corresponding values of ж and y being then computed from the 
equations. Corresponding wi one value of z four points are 
obtained, in general. Я 

Exercise. Letting а = 5, b = 2, c= 3, find four points on the curve 


corresponding to 2 = 2. How many points of the curve are there having 
2=1? How many having z = 5? 

239. General equations of а space curve. If the equations 
of two surfaces are known, these equations, regarded as simul- 
taneous equations, are satisfied by all points common to the 
two surfaces, and by only those points. The equations of the 
two surfaces are therefore together the equations of the curve 
of the intersection of the two surfaces.. 

! 
EXERCISE и. 


`1. A screw has 8 threads to the inch. The айр of the screw is 1 
inch, What are the equations of the edge of the threads ? 

2. A point starts at the base of a right circular cone and traces a curve 
on the surface, advancing in the direction of the axis of the cone propor- 
tional to the angle of rotation BUDE the axis, Find the equations of 
the curve. 

3. Similar to example 2, using a hemisphere instend ofacone.  — 

4. Find the polar equation of the projection of the curve of example 2 
upon the plane of the base of the cone. Trace the curve of projection. 

Б. Find the polar equation of thé projection of the curve of example 8 
upon the plane of the base of the hemisphere. 


CHAPTER XXII 


TANGENT LINES AND PLANES 


240. Introduction. In the plane a knowledge of derivatives 
was found to be important in obtaining the equations of tangent 
lines to curves. In space, also, derivatives play an important 
part in the deduction of the equations of tangent planes to sur- 
faces and of tangent lines to curves. But in space a somewhat 
extended conception of derivatives is necessary, for the ane 
of variables has increased from two to three. 


' 241. Partial Derivatives. Consider an equation which ex- 
presses 2 as a function of two independent variables, æ and y. 
Eg. » . 2=9а0 63а 5р. 7C (1) 
If y is з regarded as a constant and the Gorivanve of z taken with 
кре to x, the result is | 


42+3 б 
This ЖШШЕ! is called the partial derivative of 2 with respect 


to 2, and is denoted by the symbol де . Thus, 


2 cds + Sy" 
Similarly, ` Uu —62y +15 


In eq. (1) let 2 and y take the йа % and Yo P 
Then z takes a Е value, 2. Then 
| == 2 д? + 3 жуу + 5 у. 


Let x» take an increment, Az. Then z takes а corresponding 
increment. Let this increment, which is due to the Changed in 
x о, be denoted by A,z. Then 


Z% + A= s(n + An + (+ Bad T5y. 
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From the definition of a pa it follows that the value 
д2 


L | az 


of = is the limiting value ot = = ав Ах approaches Zero. 
The student can easily check Ge by computing the value of 
RS from the above equations and finding the limiting value. 


' In general, if f(x, y), read « f ofc and Ly" i 18 used to denote 
any function of x and y, then, if ; 


B z — f(a, y), 
the values of % ‚ and 2 are defined by ` 
£ " Vo ду |z Zo Yo d 
9 = limit/ (to + Аз, ie (а, и), 
. дж o » Az :=0 Я EI 
and д2]. _ limit! Zos Yo + " ~ J (o, %), : 7 
| Oy|s » ду=0  _. 
If E. | _ t= F(a, y x | | 
then 9“ ds defined by | 
© 20 Yor £o 2 
‚ди = limit Fa + Ал, У» ®) — F (2o Yo 20) 
Ox Zo Yo o Ае = 0 / Ax . 


and similarly for the other partial derivatives of и. ` "s d 


EXERCISE LIV 


1. Find the partial derivative of z with respect to х and y forthe values 
x = 2, y = 8, if z = 3x? — 50у? + 2 у. 

2. In the equation of example 1, letting z = 2, y = 3, compute the 
increment in z due to an increment of.linz. Also the morement in 2 
due to an increment of .1 in y. | 

3. If u= 322 + Qayz + y? + Байа + уг, find the pua derivatives of 
и with respect to each of the variables х, у, 2 

4. In г=2х%+8ху-+ y, find the value of Em ‚ (1) by differentiating, 


IN y as constant; (2) by giving х an n NN Az, ' computing 


Asz, and finding the limiting value of az, 
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242. The tangent plane to a surface. Let : 
i Fay, 2) =0 
be the equation of a surface." Let P (£o Yo, Zo) be any point on 
this surface, and let the surface be cut by a plane parallel to 
the z-axis and passing through P. (Fig. 180.) The equation 
of such a plane is 


Кто. 180. 


Let Pd Az, Y+ Ay, 5 + Az) be any бй eee on the 
intersection of. the surface and plane. Then - 


Yo + Ay = m (2 + Аа) + b, 


“ | ‚ Yo = ma + b. 
S. Ду = т AC 
о Оло н = 
| . Ax 


The equation of the line through Р and P! is 
2000, Bh YH *—5 Art, 223) 


or е PT S DENN A ————*#` 
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Let P' approach the limiting position P. The line through Р 
and P' approaches the limiting position of tangency at P to 
the eurve of intersection of the plane and surface, and hence 
of tangency at P to the surface. The equation of this tangent, 
line is therefore 


т—%_у—%&_%—% @) 


where n is the limiting value of AZ а Р! approaches Р. 
To find the value of п, let F(a, y, 2) be represented by v; 
| u = F(a, y, 2). | | 
Since P' and P are both on the surface, therefore 
F (2 + Ax, yo + Ду, % + Az) —0,- 
and E F (ж, 3o Zo) = 0. | 
^, FG Az, yo + Ay, zo + A2) — F'(2 Yo 2) __ 9 
p | As д 
This equation may be written | 


F (2 + Ах, Ya + Ay, % + Az) — F(a, Yot Ay, Z + Az) 


Ax 


? * 4 FO Yo + Ay, % + Az) — F (2o Yor 29 d- AZ) Ду 
iw Ay Ж Ах 
q Fs Yor 20+ Az) — F(2 Yo %) , AZ 0 
| Аз 


Az 
If Ay and Az were held constant, and Ax allowed to approach 
zero as a limit, the first term of this equation would approach 
the limiting value 

ди 
Ox 
Since, however, as P' approaches P, Ах, Ay, and Az all 

approach zero, the limiting value of the first term is 
ди 
Em 


8o 3g -Ày, sys 


Zo Ур 20 
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Likewise the second and third terms approach the: limiting 
values "n 
^ : m ot 
ovs 

in OU Я 

"әд Zor Yo o 


ди | nou 
ot + ms ы. EP T (2) 


> 
To Yor 209 


and 


the values of the B Nm being taken at (д, Yo, 20). 

Equation (2) expresses the value of n in terms of m. If 
eq. (2) were solved for n, and the value substituted in eqs. (1), 
the equation of the tangent at P to the curve of intersection of 
the plane and surface would be obtained. The elimination of 
m between the eqs. (1) would then result in an equation be- 
tween the coórdinates of points on any tangent line to the sur- 
face at Р, i.e. the equation of the locus of all tangent lines that 
can be drawn to the surface at P. 

The elimination of m and л is most easily affected by аку 
eqs. (1) for m and n and ашпашы their values in eq. (2). 
The ан 18 


agit 


д2 1o Yo 0 


ди 


ду Zor Ур Žo 


(@—a) "| +. (y— =) + s — ауд = 0. | 


02 |а, to ж 
Since this is an equation of first degree i in 2, y, and z, it is the 
equation of a plane. 

Hence all tangent lines toa surface at a given point lie in a 
piane, This plane i is алей the м plane to the surface at 
that point. 


‘Since. "S ==к@, Y, a 


the symbol or may be used instead of ш 
г . дш E | Ox 


Hence, if - F(a, у, 220 = 


276 . . ANALYTIC GEOMETRY. | 
is the equation of any surface, then 


(= a) E pn FL не) o 
e Yor 5 


Zo Уо, х0 


is the equation. of the tangent in es the surface at (2%, Yo Zo) 


243. ILLUSTRATION. Consider the ellipsoid, 


нире 


Неге | Fe уеб +51, 


ag дЕ2= ӘР .2y ӘЕ_22 | 
дж 2° dy Baz ё’ 

and hence the equation of the tangent plane at (£o, yo, Zo) iS- 
G-a) 224 (y — 22 p (4 — 2) 22 = 0. 


ad 


Since. | О LI IE кый; 


r 


E 
the Grado of the tangent plane becomes 


ax z 
TE pM айар. 


` 244. The normal to a surface.’ A line perpendicular to a 
tangent plane to a surface at the point of юолсо is called а 
normal to the surface at that point. 

if the equation of the surface is 


F(a, y, 2) = =0, 
the ae of the tangent ed has been = to be 
2 — 2, #—2 =0. 
( E Ox Zo Yor To +0- we OY |z Zo Yo Жу + ( ED 02 Zo Yor ^ 


The equations of a line perpendieular to this plane and passing 
through (a, Yo %) are therefore | 


LULA у-ю tm (Arts. 290,234) 


oF ~ OF -9F| — 
Ox Zor Vor 1o : y 2g Yor #0 2 - дг | sip vo so 
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If the equation of the surface is given in the form 


2= (2, У), 
then F(x, y, 2) 22 —f(t, y), 


dn de Әх’ Oy ду oy’ dz 
The equations of the normal then become . | 


2—10 _ у—%» 2—2. 
ee ы 
ôx Tos Yo £o ду Zor Yor fo 


245. The tangent line to a space curve. Let P (2o Yo %) and 
P' (@ + Az, Yo + Ay, % + Az) be two points on a curve. The 
equations of the line through these points are 


(Art. 223.) 


| Fia. 181. 
If 2, y, and z are functions of some independent variable, ¢ 
(compare the equations of the helix, Art. 236), Az, Ay, and Az 
will depend upon At. Let the above equations be multiplied 
by At. Then. ye 


= m ——— 
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As Р! approaches coincidence with Р, the ratios az, st, Az 
approach the values of the derivatives of x, y, and z respectively 
at (Zo Yo %)- The line through P and Р! approaches at the 
same time the limiting position as tangent to the curve at P. 


Hence the pm of the tangent to the curve at (a, Yo %) are 


—%_ Y-Y #—®у 
m = dy zx . dz | (1) 
dt ty dil, dt 
. If the equations of the curve are the simultaneous кап 
of two surfaces, 
J Gi Y, Z)= 0, 


ф (2, y, = 0, : EOS Р 


% 


dz dy dz | 
the values of à de? di may be obtained as follows: Since 


Р! and P are on the surface f(a, y, а= 0, therefore 
| (2 4- Ах, Yo + Ay, % + Д2) = 0, 
and Лао Yor %) = 0. 
NEC + Az, 3, - Ay, %+ ла) — fry | Vo Zo) _ = 0. 
| At | | 
Treating this шдет as was done in Art. 242, there results 


- Gf dz , Of dy , 4 of .Ofde _ 

Ox dt ду dt ðzdt 
дф de , ðpdy , 0$ dz 20 
órdt дуй Әб ? 


the values of all the derivatives being taken at the. pa poini 


Similarly, 


(20, Vo 2). : | 
From these equations there result 
dt dt dt 


—— = ——————— O 


Oy 92 Oz ду 92 0x ae dz дт ду dy dx 
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Multiplying the members of eq. (1) by the corresponding 
members of this equation, there result as the equations of 
the tangent line at (£o Yo, 20) to the curve whose equations are 


F(a, у, 2) =0, 
and а ф (2, y, 2) = 0, LE 
T — 0 | = y — Yo 
(3$ _ Fo) [uj OV — 
ду д2 02 В Yor % e дя дә 02. зз, 
| E 2—2, 
~ [078% афу C 
ic ду OY Ox Js, voz, 


246. Illustrations. Examrre 1. To find the equations of 
the tangent to the helix at any point. 
The equations of the helix are 


x= acos, 
y=asinĝ, _ ; Е 
z= 0. | (Art. 236.) 
dx 
sr Pa — asin 6, 
ФУ o cos 6 
i | dé 
dz 
=b. 
dó 


Hence the ВЕЕ 78 of the tangent to the helix at a ош 
where @ = 0, are Е | 
х – а008 65у – азіп TM z — 00, 


; — а Sin 0, асов 60, b 
ExaAMPLE 2. To find the equations of the кыш to the 
curve of intersection of the cylinders | 
#+#=,. 
$giq4-u-D, 
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Let | Ла, y #у== y! a 4— а, 
ф(2, y, = +20. 
= а of _ of 
h : 2 = 
Then T =0, ду 2 y, az 22, 
22.222, 26.20, Ежи 
y 


Therefore the. бй of the tangent at (£o Yo, žo) are 


2—%_у—% do — 2—%, 
5 Yoro Too — Yo 


EXERCISE LV 


Find the. equation of the peru Plane to each of the BE 
lowing ten surfaces: ; 


L аку +28. | 2. Zy а. $ 
x. а с 

s AERE iei. 
2 p d . . ty px. 
L yz Q2 y 

Б div 6. gi p 1. 
Sy at 2 ы: 

1. ait» к айы | = po = Ві. 

9. ху2 = с. © -10. #:>=8%-{ 2. 


. 11. Prove that the direction cosines of the tangent to the helix are 


'— а віп =a sin 69 а COS бо b Т 
| vat + 02 VEFE Va? + 02 

` (Note that the angle between the tangent and the z-axis is constant. y 

12. If the point generating the helix advances in the direction of the 
axis of the cylinder у; of the radius of the cylinder at each revolution, 
find the angle between the tangent to the helix and an element of the 
cylinder. .. | 

13. Find the зай of the tangent to the helix at the point ‘where 
6 = 80°. 

Find the equations of the tangent to the curve of анааан of each 
of the following pairs of surfaces. | 
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14. у2 + 22 —1, 2 +2 у# + 4 22 — 4, at a point where z = 1. 
15. 24+2yY=4, 2? + 02 —– 2 = 0, аё (1, 1, 2). - 

16. 22 +922 = 4, 22 + y? — 22 — 0, at (1, 1, v2). 

17. Prove that the direction cosines of the normal to ` 


F(x, у, 2) = 0 
at any point (2, у, 2) are | 
дЕ FX ‚ OF 
E GT EP GG 
дг 


aR Ys у + (Ey 
Jes = oy ш 92 
18. Prove that the direction cosines of the normal to the surface 
Н 2 =/ (2, y) 
at any point (x, y, z) : are aoe, 
|^ 82 A Ж 
ox 
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. TABLES 


TRIGONOMETRIC FORMULAS 


sin? 4 + соз? А = 1 


вес? А — tan? А =1 


esc? А = cot? А =1 


віп А csc А —1 
сов A sec А — 1 
u 
tan A cot А —1 
tan А = 8114 
eos 4 
6 А 084 | 
ү sin A 


sin(—.4) = —sin A 
сов(— 4) = сов А 
{ап (— A) = — tan A 
cot (— A) = —cot A 
sec (— A) = | gec À 
ese(— A) = —cse A 
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2 
tan(5—A) cot A 
(7 +4) == 608 A 
соз +4) = — sin Á 
«(+ 4) = — cot А 


sin(r—A)= sinA 
cos (т — А) = — cos A 
tan (т — A) = — tan A 
sin (т + A) =— sin A 
cos (т + А) =— cos A 
{ад (т + А) =  tan.A 


sin (A + 2пт) = віп А 
соз(А + 2 пт) = сов 4 
{ал (А + 2 пт) = tanA 
(в а роз. or neg. integer) 
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sin (А + B) = зір A cos B + cos Asin B | 
cos (А + B) = cos А cos B F sin A sin B 


| тил jee 
sin 2 A= 2 sin 4 cos A | s | 2 sint A1 — 008.4 
сов 2.4 = сов? А — віш А | - | 2 cos! 2 — 1 + сов A 
—=1 0 sin? | 
| | а! E Р aT eer 
tan 2A = 2024. | н 5 | E 


sin 3 A = 3 sin A—4 sin? A 
cos 3.4 = 4 cos? A — 3 cos A 


sin + sin B= 2 sin A+B cos A— A-B 


2 TIS 
EOM EU in A— В 

2.3 2 
cos A + cos В =2 cos #+ 8 сов 4 В 


eos 4 — cos В = —2 sin —— sin — 


90° | 180° | 270° | 360° 
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LOGARITHMS OF NUMBERS 


LOGARITHMS ` ` |. 285 
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NATURAL SINES, COSINES, AND TANGENTS 


1.5708 |1.0000 


11.4301 
14.3007 
19.0811 
28.6368 
57.2900 


oo 


ANSWERS TO PROBLEMS 


_ Exercise V 
9. 36° 53’, 148° T. - — 4. 27° 46’, 152° 14', etc. ; 9560 ; .35 
8. 24° 31', 204° 81’. | $ 2 
| Exercise VI 
3. (7.62, —66° 44'), (5, 86° 52!), 8. y=0;x=yvV3; y= C8; 
4. (1.78, 1), (— 2.12, — 2.12). 24 y2 = 25; а? + у% = c 
6. 0= 90°; 0 = 0; rcosd=c; 9. (4.91, — 89° 19/). 
6 = 45°; 0 = 185°, 10. (5.24, 3,57). 
| Exercise VII . 
8. 7.62, Vx? + yi. . 4. 11.40. 6. x24 y? = 26. 


Exercise VIII | 


1. 604. 8. 11.65. 8 V(a—cy4(b—d)À 4 7.47, 
Exercise IX .— 

1. 8.06. ^ 9. 9.90. 4 5.95. . 

3. АВ — 1.07, BC = 8.36, б. 12.73, 14.87, 2.24. 


e он 


. (—29, 27.5), (27, — 18). 


СА =1Л0, ОА = 8.91, . 6. 5.99, 5.54, 6.40. 
ОВ = 4.97, ОС = 5.15, ` 


Exercise Ж 


.—1:68:1,—1:8. 4 r=2,k=—¥, 


Exercise XI fo 
а— пс b—nd 

Е; 

(== nis (22а 241 + ysY. 
з? з yr з? 3 ) 
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Exercise XII 
9. 26° 84!, 68° 26. 10. — 6,99 25. 12. 2m | 
8. (— +, 0). 1 т? 
6. (19, — 1), or (— 6, — 19), ` 13. 87° 4'. 14. — .3332. 


or (2, 9). 15. (1.2, — 4.50). 16. (0, — am). 
1. 189° 24!, ' 8. 42° 50/. aq, PER, (0 — а(т + =) 
: 1—mn l-—mn 
EE Exercise XIII 
1. 71.5. 2. 22.50. 4. j rire віп (02 — 01). 
8. d(Xiys — 2201). 5. 100. 
Exercise XIV е 
1. 185. 9. 1842 sq. ft. 16. 114? 19". 17. — 4.871. 
3. 60305 sq. ft. 18. — 4.186. | 
‚ 4. (d) 41° 8', 38°27, 100°80. jg a+b, 2.154 
12. 155. 18. 24 y —6. a qum Жа. 
14. 22 + у 4х — 65у = 12. 
Exercise XV 
1. Sal pat 12. 23 +y? E 2rx E 2ry 4 12—0. 
4. 2x —9y —11— 0. 14. 1622 +7 у? —112. 
a b ` 16. 22 +8y +16=0. - 
6. y = mz + b. 17. 6322 + 148 y? — 18 ху + 216 х 
1. x2 ру 454+ 8 у —5; Inter- — 456 у — 1728 = 0. 
cepts, х= 5 ог — 1; y=.58 18. 5222 — 800° + 224 zy — 68 x 
ог — 8.58. | + 496 y — 1343 = 0. 
10. (z—A)-(y— Ep. 19. у2 --22z -8y — 39 — 0. 
11. 22 + у = т, 
Exercise XVIII 
2 Im Ё E 
ушр е, : T. з =— ТУЗу, @= 45°, new 
9. 6422 — 64у? + 8 = 0. 
Aa origin (1.77, .03). 
8. 432 + y? = 12. В. Lines z—29—0, and z+y=0, 
6. Lines x + 2y = 0 and | 


. 2— 80у = 0, referred to 


ll axes through (1, 1). 


referred to If axes through 
(0, — 1). 

202 + y? = 4, 0 = 45°, 

д2 — y? = 8,0 = 45°, 
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` Exercise XIX 


1. 2z4y-& 205 82. 8z44y 4-16 = 0. 
8. 8x—8y = 24. | 26. yk 10 (ор 
1. 8z4H2y + 5У18 = 0. гр е › 
8. 82—-y=1l —— 97. — 5642 x + .8257 y = 3, 
9. bx— ay = 0. .9780 ж + .2088 у = 3. 
10. y —51 = m(x = t). | 31. 8a4+y4+10=0. 
1L Bu— Ay + Ab = 0. 33. 107 = + 184 y — 187 = 0. 
`90. у — 2 = 6.94(ж — 1). 34. Бх + 5у= 12. 
91. Іл, 4х +35 4-18 = 0; 85. 1182 +177у = 486. 
Їз, liz —6y + 89 = 0, 86. 63 2 +147 y = 530. 
Exercise XX 
1. 8.84. 9. 888. | | 5. 1.06, 6. 3.18, 
т. л n b, 8. % cosa + yo sin a — p. 


Жут? +1 


T Exercise ХХІ 
1. 1.287 віп 0 —.194r сов — 1. 5. (4.91, 102° 50^), 
4. (8.94, 26° 84^). 
T Exercise XXII 
. (0,0), r = 5. 18. 2 +y +25 — ва 0. 


1 
2. (2, —8),r— 5. ` 15. x3 +y? +2x— 6y = 85. 
4. (— .75, 1.75), т = 8.02. 16. 22 + 2—42 — 10y + 20 = 0. 
5. (1, 22), = 0. 17. 2 +у +62 +125 = 85. 
7. (—.5, — .5), r= .707. 18. x? + 02—115 — 17 y + 80—0. 
8. No locus. 19. 27(22 + y?) — 65 z + 15у 
9. (2, -8),r25.10. > — 250 = 0. 

17)2 2 —(15)2 
12, (2 5) -lyvwrB . 20. (z— 1D? + (y - D = Gp. 
j (2 3-3 e? 21. (z— 39) (у + NO. 

е Exercise XXIII 

1. = 45, VR 4). — - + 9. 1944 ft., 17.78 ft., 15 ft., 
`8. =y, V(—2,0). © > (o ILI ft., 6.11 ft. 
4. = hy, V(1 9. ` 30 бу=а? +22. 
&p--inVOE c 
12. 2 ћу = (n FW yaa + Ms — уй» + 2 


. U 
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Exercise XXIV 


2 =4y, V(3, — 2). 12, (У®—1)а44 — (VÀ + 1)у=10, 
ay a 8 = 67° 30! 
.T..9210(23). . . 
та: 18. 8 22 + 28 y? = 13, 
А The lines 3z — y + 1 — 0, C(—}, 4), 0 = tan}. 
8e+y+5=0. — 14. The lines 2% -- 7 y = 0, 
DN. (5, -8) | 7% —2y=0, referred to 
1 16 2 I| axes through (— d, $$). 
4 1, = tani 15. z$ — y?—2, C(— 1, — 2), 
1 4 A 6 = 45°. 
° _ 15 —1 9 = 19°47! = ® 
947 899 ^" D 18. y-k-il(e— №). 
y! —4z,0-—1an$; | 19. х= band y = a. 
V(—3, —3). 93. zy -4z —2y +12 =0. 
ж? — y? = 16, 0 = 45°. : | 
Exercise XXVIII 
. £8vV6. 9. +ғУ1 + m. | ` 10. 6, 
Exercise XXX 
y-vVázi8. — / 16. ‚= У?»+з Và, | 
у=®+ 10. 4 
=+2у+6=<0. " У СЫ, 
. £—2y4.6—0,8z—2y +2 = 0. 2 аш 
. 22 +2у +р = 0. | 17. у= 2x — 1 + 2У10, 
| Exercise ХХХІ 
.007651, .030301, 8.003001. . 3. $, 38, 0, 4. 
. —1, —4, 4. | 4. 4n—4y=5- 
| Exercise XXXII ° | 
e+ty+1=0,2-y=3. 2 8x —4y + 26 = 0,4%+4+3y=0. 
. Tangents, 2 yoy — 35025 + x = 0, y 20, 8z—2y —1, 8z—9 = 4. 
. Tangents, 6 x — y = 6, 62 + y + 30 = 0. 
. 12° 6/, 86° 527, 9. 78? 41!, 10. (—2, — 9). 
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Exercise XXXIII 


12z:—l.—.8 _. y 2#+1, 
2vzx | | м? +1. 
2, 2az — 22. | EE E 
75 vi? — а? 
S. mta ' 2:42. 
gi | 1. MA | 
—2a 2z 1 
4. | 8. == ity 
(t—a) | atl x —i 
9. (x+ а)"-!(х + ьу=-1{ж(п + m) + та + nb]. 
10. —2^. А 14. 8x у= 4. 
вт | 15. 2— y -1— 0. 
11..2 anz(ax? + b)»-1, 16. ив > 
" Gb ay 1 
.12. — 2an салт 1a-)- QXoZ 4- — P Gad) +6 
ENSE 22. setae) c ara (уо) + 


Exercise XXXIV 


1. (b — a) sin2 x. 5. —asin2(az + b). 
9. 24 tan?2 x (1 + tan? 2 x). 6 2sinz ` 12sin3z. 
8. { cost vin t. "e088 a " cos’ 3a 
4. —28sin2z. ‘ 
8. 2(1 + sin t) seo? 2 — cos t tan 2 t 
(1 + sin ¢)? : 

9, Sint SID 0] 4 8 сова). » 14. xcosx + віп х. 

2 cos? x 15. xsec? x + tan 2. 


16. sin € + x cos x. 


10. nm(tan"-! mz + tan*+! ma. 
17. 4свс 4x (1 — 2 свс24 x). 


11. 2(8іп х + coste), 


sin? x cos? 2 18. — mng Cos"! gar | 
сов X sin^t!gz 
12. — . : 
ind 19. (z4-1)sinz + (х — 1)cosz 
de | 20. abn sin *-1 bt cos Ы. 
18. tanto. 


Exercise XXXVII 


1. 92—6у-+8хж = 93. 27 LG Dt 
8. 322 — y? — 16x + 8у = 0. 
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* Exercise XLI 
1. No locus. 2. Hyperbola. 8. Two intersecting lines. 
4. Two parallel lines. 5. One line. * 6. Ellipse 7. A point. 
8 


. No locus. p 9. Parabola. .10. Hyperbola. : 


- Exercise LIII 
2. =F (h— b6)cos0, Су = (a 00) віп Ө, г = 00. 


8. ж = уа? — 202. cos 6, y = Val — 00 . sin 6, z = bb. 


4. rS (A 06). _ 6. r= Val > DÀ, 
: Exercise LV 

l х + yy + 20219. 77 8. ppp Е( + to). 
9; 20000 77 ү 9. yozoX + 5200 + Xoyog = Be. 

a ё ё | 14, 22— V6 .2y — V8. 22-1, 
4. хк + уу = р(® + хо). 2và vë . —38v2" 
5. 2 ү Mo Lg T E, three other answers. 

a 0 2c "E 15. £-1-v—-1.2-2, 


6. "ONLY 38  —1 4 
a 2 . | і | 


INDEX 


The numbers refer to the pages. 


Abscissa, 7. 
Addition of ee 3. 


Angle, between two lines, 21, 27, 241. 


between two planes, 252. 
Area, of a triangle, 30, 31, 33. 
of a polygon, 35. 
Asymptote, 59. 
of the hyperbola, 108. 
Axes, of the ellipse, 103, 198. 
. of the hyperbola, 109, 200. 
.Axis of the parabola, 95. - 


Cardioid, 188, 140. 
Center, of ellipse, 103. 
of hyperbola, 109. 
Change of sign of Az + By -- С, 81. 
Circle, equation of, 88. 
through three points, 89. 
Circular measure of an angle, 172. 
Concavity, 183. 
Cone, 262. _ 
Conic Sections, 192, 264. 
classification of, 196. 
polar equation of, 202. 
rectangular equation of, 196. 
Conjugate diameters, 213. : 
Conjugate hyperbola, 109. 
Continuity of functions, 161. 
Coórdinate planes, 233. 
Coórdinates, Cartesian, 6. 
rectangular, 9. 
polar, 9 
rectangular, i in space, 233. 
polar, in space, 236. 
spherical, 238. 
Cyeloid, 132, 140. 
construction of, 133. 
Cylinders, equations of, 243. 


Derivative curves, 182, 185. 


Derivatives, 159. 
partial, 271. 
Diameter, of parabola, 208. 
of ellipse, 213. 
conjugate, 213. 
Differentiation, 161. 
formulas of, 162, 169, 175. 


| Direction cosines of а line, 237. 


Directrix, of parabola, 92. 
of conie, 192. 
Discontinuity, 161. 
Distance, between two points, 18, 
20, 235, 230. 
from a point to a line, 83. 
to & plane, 251. 


Eccentric angle of ellipse, 130. 

Eccentricity of а conie, 192. 

Ellipse, definition of, 45, 100. 
construction of, 131. 

Ellipsoid, 247, 257. 

Elliptie paraboloid, 248, 260. 

Empirical equations, 223. 

Epicycloid, 138. 

Equation of a locus, 41. 

Exponential function, 123. 


Focal radii, of ellipse, 208. 
of hyperbola, 209. 
Foci of ellipse, 100. 
Focus of a parabola, 92. í 
Function and variable, 38. 


General equation of second degree,214, 
Graph of a function, 39. 
Graphical solution of equations, 143. 


Helix, 268. 
Hyperbola, definition of, 46, 105. 
equilateral, 92. 
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Hyperbolic paraboloid, 261. 
Hyperboloid, of one sheet, 258. 

of two sheets, 259. 
Hypocyeloid, 134. 

construction of, 135. 

of four cusps, 137. 


Inclination of a line, 22. 
Increments, 153. 
Intercepts, 48.  . 
Intersection, of lines, 79. 
of curves, 142. 
Involute of circle, 139. 


Latus rectum of a conic, 206. 
ree e 
Limit of sin e 146. 


Locus of an equation, 51. 
Logarithmic curve, 122. 


Maxima and minima, 178. 


Normal, to a curve, 158. 
to a surface, 276. 


Ordinate, 7. 


Parabola, 47, 92, 97. 

parameter of, 95. 
Parabolic arch, 99. 
Parallel lines, condition for, 28. 
Parametric equations of loci, 129. 
Periodic functions, 118. 
Perpendicular lines, condition for, 28. 
Plane, equations of, 249, 250. 
Plotting in polar codrdinates, 125. 
Projections, 15, 239. 
Propertyof reflection, of parabola, 200. 
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INDEX 


Property of ellipse, 209. 
of hyperbola, 210. 


Quadric surfaces, 257. 


Radical axis of circles, 91. 

Ratio into which a point divides a line, 
23, 26, 285. 

Rotation of axes, 65. 


Sine curve, 117.° 
Slope, of a line, 22. 
of a curve, 155. 
Space curves, 268. 
Standard equations of second degree, 


88. 
Straight line, equations of, 70-74, 

86, 253. | К 
Subnormal of parabola, 205. 
Subtangent of parabola, 205. 
Subtraction of segments, 4. . 
Surfaces of revolution, 244. 
Symmetry, 55. 


Tangent plane to a surface, 273. 
Tangents, slope equations of, 148, 149, 
contact equations of, 156, 159. 

to space curves, 277. 
Transformation of coórdinates, 64. 
Translation of axes, 64. 
Trigonometric functions, 11. 


Variable, dependent and independent, 
38 


Vertex of a parabola, 95. 
Vertices, of ellipse, 103. 
of hyperbola, 109. 
of conics, 193. 
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m F irst Course in | 
Differential and Integral Calculus 


By WILLIAM Е. OSGOOD, Рн.р. 


Professor of Mathematics in Harvard University 


Revised Edition. Cloth, xv-+ 462 pages, $2.00 


The treatment of this calculus by Professor Osgood is based on 
the courses he has given in Harvard College for a number of 
years. The chief characteristics of the treatment are the close 
touch between the calculus and those problems of physics, including 
geometry, to which it owed its origin; and the simplicity and 
directness with which the principles of the calculus are set forth. 
It is important that the formal side of the calculus should be 
thoroughly taught in a first course, and great stress has been laid 
on this side. But nowhere do the ideas that underlie the calculus 
come out more clearly than in its applications to curve tracing 
and the study of curves and surfaces, in definite integrals, with 
their varied applications to physics and geometry,. and in 
mechanics. ` ‚ For this reason these subjects have been taken up 
at an early stage and illustrated by many examples not usually 
found in American text-books. From the beginning the book 
has been a favorite with the academic classes, and it has now 
been adopted by some of the best-known and best-thought-of 
engineering schools in the country. ; | 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York 


Applied Mechanics for Engineers 
| A Text-book for Engineering Students 


BY 


F. 1. HANCOCK 


Professor of Applied Mechanics, Worcester Polytechnic Institute 


. Ilustrated, cloth, 12mo, xii + 388 pages, $2.00 
A new edition with typographical corrections 


In the preparation of this book the author has had in mind the 
fact that the student finds much difficulty in seeing the applications 
of theory to practical problems. For this reason each new prin- 
ciple developed is followed by a number of applications. In 
many cases these are illustrated, and they all deal with matters 
that directly concern the engineer. It is believed that the 
problems in mechanics should be practical engineering work. 
The author has endeavored to follow out this idea in writing the 
present volume. Accordingly, the title * Applied Mechanics for 
Engineers " has been given to the book. "The book is intended 
as a text-book for engineering students of the Junior year. The 
subject-matter is such as is usually covered by the work of one 
semester. In some chapters more material is presented than can 
be used in this time. With this idea in mind the articles in these 
chapters have been arranged so that those coming last may be 
omitted without affecting the continuity of the work. The book 
contains more problems than can usually be given in any one 
semester. Ап appendix giving tables for the use of the student is 
of importance. "These tables include the following: Hyperbolic 
Functions, Trigonometric Functions, Logarithms of N tuners, 
Squares, Cubes, etc., and Conversion Tables. 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York | 


COLLEGE ALGEBRA 


BY 


SCHUYLER C. DAVISSON, Sc.D. 


Professor of Mathematics in Indiana University 


_ Cloth, 12mo, тот pages, $1.50 


A discussion of those parts of algebra usually treated in the 
first year’s course in college. The author aims that the student 
shall acquire not merely a comprehension of algébraic processes, 
but the ability to use without difficulty the language of algebra — 
to express in his own language conclusions ordinarily expressed in 
symbolic form, and thus gain the ability to generalize easily. 

A characteristic feature, developed in the course of several 
years of teaching college freshmen, is the introduction early in the 
course of the fundamental laws of algebra. When the student 
once recognizes these foundations and the continuity of the sub- 
ject is pointed out-to him, there will be a higher degree of interest 
in the facts of algebra accompanying a more intelligent compre- 
hension of their relations, and, in consequence, they will be more 
readily retained and more easily applied in later work. 


PUBLISHED BY 


THE MACMILLAN COMPANY 
64-66 Fifth Avenue, New York 


Trigonometry 


By DAVID A. ROTHROCK, Рн.р. 
| Professor of Mathematics in the University of Indiana 


Ш 


* Cloth, 8v0, xi+140 pages, $1.40 


In this work the author has prepared a text-book which will 
serve as a basis for courses. in plane and spherical trigonometry 
as ordinarily presented in advanced, secondary, and elementary 
college courses, — The book is not particularly different from a: 
number of other text-books on trigonometry in its plan, but the 
author has placed special emphasis upon drill work in the trigo- 
nometrical identities, upon the applications of trigonometry to 
practical problems, and upon рашы: calculations by means 
of natural functions. : 

For the benefit of those who may wish to pursue advanced 
courses in mathematics a brief discussion of analytical trigo- 
nometry is presented in chapter то. "In Part II the elements of 
spherical trigonometry are developed in so far as to include the 
ordinary formule necessary in the solution of right and oblique 
spherical triangles, Especial attention, too, has been given to 
the preparation of a really satisfactory set of tables which are 
included in the back of the book. "These tables have been so 
arranged as to emphasize in the student's mind the advantage 
of an orderly arrangement of trigonometrical calculations. 

The book will be found a very satisfactory introductory course 
in the subject. i 


THE MACMILLAN COMPANY 


64-66 Fifth Avenue, New York 


